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CHAPTER 1. LINEAR OPTICAL RESPONSE THEORY (LINEAR
SPECTROSCOPY) FOR CONDENSED PHASE SYSTEMS

1.1 Introduction

A substantial part of the history of quantum mechanics is associated with efforts
directed toward an understanding of the interaction between light and matter at the atomic
and molecular levels. The interaction of electromagnetic radiation with matter is one of the
richest probes into the structure and dynamical processes of matter. [t is difficult to
understand the microscopic structure of matter without spectroscopic techniques.

One response of the medium to the electric field E of the radiation field takes the
form of a dielectric polarization density P. The interaction of radiation with the medium
generaies a polarization which serves as a source of the new radiation field according to
Maxwell's equation

) 1 & 4r &*
V-E(r, —.,—-7E o =-—,—,P d), l.1
(r'[)+c‘ P (r,t) e (r.t) (1.1)

where c is the speed of light. Since the optical polarization is the only material quantity that
appears in Maxwell's equation (the right hand side of Maxwell's equation in a vacuum is
zero), it carries all microscopic information about the system. Electronic and vibrational
relaxations and other dynamical processes will show up in the measurements through their
effect on the optical polarization. Therefore, calculating the optical polarization is essential
for obtaining spectroscopic information. Eq. (1.1) can be solved self-consistently [1, 2, 3].

Spectroscopic measurements can be classified according to the order of the response
of the system under study with respect to the applied fields. The polarization to nth order in
the E field is denoted P(1),

P=P( +Py, (1.2)




o

where

PNL= P(Z) + P(s) F ceecme- . (13)

P(1) is the linear polarization that controls all linear optical measurements, such as linear
absorption and fluorescence, whereas Py is the nonlinear polarization that governs muiti-
wave mixing experiments. The polarization may be classified according to the power law of
the field. For example, P(!) corresponds to linear interactions, that is, interactions in which
the polarization is proportional to the applied field and has the same frequency. P()is
proportional to product of two fields, or to the square of a single field, and may contain
frequencies not found in the incident field(s), and the nth order polarization P(1) is
proportional to n fields (or a combination of fields corresponding to an nth order product) and
may contain numerous frequency combinations, although in most current experiments n < 3.
P() is the lowest order nonlinear polarization for anisotropic media such as interfaces.
quantum wells, ad monolayers, while PG) is the lowest order nonlinear polarization in an
isotropic medium representing nonlinear processes (4-wave mixing experiments) such as
photon echo, hole-burning, and pump-probe spectroscopies.

Evidently, the optical polarization of the medium plays a major role in the
calculations and interpretations of optical measurements. In the following sections we will
see that P is calculated in terms of the optical response function which, in turn, is calculated
from the dipole moment correlation function. Therefore, we shall present a brief definition
and description of classical time correlation functions in Section 1.1.1 in order to facilitate
discussion of the dipole moment time correlation function formalism of spectroscopy in
Section 1.1.2. This will help us understand the underlying physics of any time-domain or
frequency domain spectroscopic measurements of condensed phase systems involving linear

and quadratic electron-phonon coupling in the following sections.




1.1.1 Classical Time Correlation Functions

Correlation functionts occur quite frequently in statistical physics. The time
correlation function approach was initially developed by Green and Kubo [4, 5-8] in certain
areas of non-equilibrium statistical mechanics. Time correlation functions are as important in
non-equilibrium statistical mechanics as the partition function is in equilibrium statistical
mechanics.

The description of a classical time correlation function is presented below. Let p(t)
and q(t) denote all the momenta and the spatial coordinates needed to describe the system of
interest, and let p(0) = p and q(0) = q denote the phase space coordinates at some initial time,
t=0. The p(t) and q(t) are related to p and q through the equations of motion of the system

as follows

p(t)=p(p. q; t)
q(t)=q(p. q; t). (1.4)

Let A{p(t), q(t)} be some function of the phase space coordinates of the system. Using Eq.

(1.4), one can write

A{p(V), q()} = A{p, g t} = A(t). (L.5)
A classical time correlation function of A(t) is defined as

C(H) =<A@©) A®>=]....] dpdq A ;0) A@, & V) f(p.4) (16)

where f(p.q) is the equilibrium phase space distribution function. If A(t) is a vectorial

function, then C(t) is written as




C(t) =<A(0) . A(t)>. (1.7)

For instance, consider the velocity correlation function C(t) = <V(0) . V(t)> for a gas. When
t=0,C(0)=<V(0).V(0)>= <v2>, which is simply the equilibrium average of v2, which
equals 3kT/m for a gas by equipartition theorem. Here, k is Boltzmann constant, T is the
temperature, and m is the mass of the particle. As time evolves, a particle will suffer
collisions which will cause its velocity and direction to change and, as a result, its velocity at
time t will be less and less correlated with its initial value V(0). After a sufficient number of
collisions V(t) will be completely uncorrelated with its initial value, V(0), and C(t) will be
equal to zero.
Therefore, we expect the velocity correlation to start at its initial value C(0) = 3kT/m, which
is the correlation maximum value, and to eventually decay to zero. Assuming that C(t)
decays exponentially with a damping constant y, i.e., C(t) = (3kT/m) exp(-y t), it is clearly
seen that C(t) is maximmum at t = 0, and then starts to decay as time evolves till it becomes
zero. We can see from the above example that a possible definition of time correlation
function is that it describes the average decay of a property of a system from its initial value.
Another possible definition is that time correlation function describes how long some given
property of a system persists until it is averaged out by the microscopic motion of the
molecules of the system. Afterall, C(t) of a quantity A is an average over an ensemble of
systems according to Eq. (1.6).

An important property of time correlation functions is that they satisfy stationary

average over time [4-9]:

<A(0) B(t)> = <A(s) B(t+s)>, (1.8)
or with s =—t,

<A(0) B(t)> = <A(-t) B(0)>. (1.9)




The property in Eq. (1.9) is called stationarity. Hence, this average depends on the time
difference "s" rather than on absolute times (t;= 0 or t; =t) separately . Classical correlation
functions are even functions of time[3-7, 10-13]. A demonstration that a classical correlation
function is even goes as follows:

with

C(-t) = <A(0) A(-t)>, (1.10)

and using the fact that the correlation functions are invariant under time translation

(stationarity) and that classical dynamical variables commute, one obtains

C(-t) = <A(-t) AQ0)>
= <A(0) A()>
= C(t). (L.11)

Clearly, C(0) = <A(0) A(0)> =<A2>,
1.1.2 Quantum Correlation Functions in Spectroscopy

Consider a system of interacting molecules in a quantum state described by the
initial state |i). If this system interacts with an electric field of frequency . transitions to
other quantum states | f) of the molecules may be induced provided the field frequency

closely matches one of the Bohr frequencies

®,,=(E,~E)/h (L.11)




Using the standard formulas of quantum mechanical time-dependent perturbation theory in
the Schrédinger representation, we can write an equation for the absorption lineshape o(w),

which represents the quantum mechanical transitions of the absorbing molecules from |i) to

|f). as

o(w)=Y.Y pKfIVi) Ko, - w), (1.12)
i f

where p, (the density operator, vide infi-a) is the probability of finding the system in the initial
state |{) and v is the dipole moment operator. This formula represents the Fermi Golden Rule
[14-17] in the Schridinger picture of spectroscopy as transitions between Bohr stationary
states since Eq. (1.12) is derived from first-order time-dependent perturbation theory in
which the operators are independent of time and the wave functions are time dependent.

The Heisenberg picture [3, 5, 11-16, 18-21] of quantum mechanics gives an
equivalent expression in which the time evolution of the of the system is placed in the
operators. and the quantum states are time-independent. The Heisenberg picture leads
naturally to a time correlation function; in this case, the dipole moment correlation function.

[n the Heisenberg picture, the dipole moment operator v is written as
v(t) =exp(i Ht/h)vexp(~i Ht/h), (1.13)

where H is the Hamiltonian of the system. By using the Fourier expansion of the Dirac delta

function, Eq. (1.13), and the closure relation [3-17, 20]

YIXA=1, (1.14)
S/

Eq. (1.12) can be written in the Heisenberg picture as {35, 6, 11, 16, 18, 21]




"_'El—T t(v(0).v(1)) exp(iwt). (1.15)

Equation (1.15) is the Fermi Golden Rule in the Heisenberg picture. Thus the lineshape
function in the Heisenberg picture is the Fourier transform of the time-correlation function of
the dipole moment operator of the absorbing molecules. Taking the inverse Fourier

transform of Eq. (1.15) yields the dipole moment time-correlation functions follows

<v(0).v(t)>= J: dw o(w)exp(—iw?). (1.16)

For the sake of clarity, from this point on, we will not use a vector notation , and will not
specify the components of vector quantities such as E, P or v, unless this is essential.
Let us consider a more general quantum mechanical time-correlation function taken

at different times
C(t,,1,) =(A(4) B(t,)) (1.17)

C(t,.t,) is an expectation value of products of physical quantities A and B taken at different
times. C(t,,t,) characterizes the correlation which exists on average between interactions
occurring at times ¢, and ¢,. As pointed out earlier, the correlation function C(,,£,) depends
on the time difference ¢, — ¢, =t and therefore it is maximum when ¢, = ¢, (because C(t)
always peaks at T = 0) and decreases with increasing ¢, — ¢, = t, ultimately vanishes as T —
. The correlation time t is a measure of the time during which, on average, some memory of

the interaction is retained. In terms of the density operator p (which is assumed to be known




to the reader, see Refs.[3, 5, 6, 8, 11, 14-16, 18-21]), the expectation value of a physical

quantity A in state |m) is

(Ay=Tr{pd} = (nipAn). (1.18a)

Using the invariance of the trace to a cyclic permutation of operators, Tr{ABC} = Tr{BCA}

=Tr{CAB}, Eq. (1.18a) can be written as

(Ay=Tr{dp}=2 (nlApln), (1.18b)

where {|n)} is some arbitrary complete orthonormal basis set. Using the relation

p=Y_ P,|m)m|inEq. (1.18) one obtains

m

(Ay=YY p(nim)m|Alny =" p,{m| Alm). (1.19)

" m m

Since the quantum mechanical time-correlation function C(¢,,¢,) is an ensemble

average, one can apply Eq. (1.18b) as

C(lntz) = TI’{pA(Il ) B(tz )
=Y (nlp (1) B(yin). (1.20)

Using the Heisenberg representation, C(¢,,f,) becomes

C(t,,t,) = Tr{pexp(iHt/h) A(0)exp(—iHt,/h)exp(iHt,/h)
(1.21)
x B(0)exp(—iHt,/h)}.




Furthermore, according to the stationary condition (correlation function C(¢,,¢,) depends on

the time difference ¢,—t,=1) C(1,,t,) can be written as

C(4,,) = (A B(4,)) = At = 1) B(ty —1,)) = (A() B(0)). (1.22)

Using the Heisenberg representation, C(¢,,t,) becomes

L.

Ct,,1,) = { A( 1) B(0)) = Tr {pexp(iHth) A(0)exp(~iHzh)B(0)}. (1.23)

In fact, Eq. (1.23) can be derived directly from Eq. (1.21) by using the cyclic property of the
trace and the fact that p commutes with H.
[n the classical limit Eq. (1.20) can be written as, given that the trace corresponds to

an integral over phase space in the classical limit)
Ctut,) = [+ [dpdq £(p.q) A1) B(1,), (1.23)

where f(p,q) is the equilibrium distribution function in phase space [6, 22] whose quantum

mechanical analog is the density operator p as follows

__exp(=fH)
Tr(exp(~fH)

exp(=AH.(P,q) _ (1.24)
j---jdpdqexp(—ﬂHC(P,‘l))

o f(p,q)=

where H_(p,q) denotes the classical Hamiltonian.
In view of time-correlation functions central importance in understanding the
response of physical systems to external perturbation, some of their properties are now

examined. Several important properties of a one-sided correlation function (time dependence
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occurs only on the right-hand side v(t) of (v(0)v(¢)) ) follow from the fact that o(w) is a real

quantity. Assuming that C(t) is a one-sided correlation function we have

o(w) = o’ (w)

» 1.25
= 1 Jd’ C*(t)exp(-iwt), (129
2r,

(where the asterisk (*) denotes the complex conjugate). Upon changing the integration

variable to -t, Eq. (1.25) becomes

o(w)= —%Jdt C*(~t) exp(iwt)

|2 (1.26)
=-2-’—r:£dtC (~t) exp(iwt)
Comparing Egs. (1.15) and (1.26), we have
C(t)=C"(-t). (1.27)

Since C(t) is a complex function (by Eq. (1.27)), it can be broken into real and imaginary

parts

Cy=C'()+iC"(t) (1.28)

it follows from Eq. (1.27) that

C'(t)y=C'(-1) (1.292)
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and

C'(t)=-C"(~1). (1.29b)

Thus the real part of the correlation function is an even function of time while the imaginary
part is an odd function of time.

Quantum mechanical correlation functions are generally complex quantities and
have both even and odd parts as a function of time [3-6, 10-13, 18]. If the correlation
function is obtained by a cononical Boltzmann ensemble, then the real (even) and imaginary
(odd) parts are related to each other. Using the following relationship (which comes from
Eq. (6.9b) in Ref. [3])

7'(@)=LL{1 - exp(~pho)]ot), (1.30)

where 7"'(w) is imaginary part of the susceptibility (@) and B = (kT)"!, one can see that

o(w) = o(-w)exp(-fhw) (1.31)
given that ¥''(w) is an odd function. Utilizing Eq. (1.31), one can show that the imaginary
part of the quantum mechanical correlation function, C"(t), can be determined by

differentiating the real part, C'(t), [23-25]

C"(t) = ~Tan[(Bh/ 2)§]c'(r). (1.32)

[n the high temperature limit, ff/2 << 1, Eq. (1.32) can expanded to give

C'(1) =—(,Bh/2)gC'(t). (1.33)




Thus at high temperatures the imaginary part of the correlation function has insignificant
contribution, which goes to zero in the classical limit (5 — 0). Therefore, the imaginary part.
C"(t), is purely quantum mechanical.

Using the symmetry properties in Eq. (1.29), one can eliminate the negative times

from the integration in Eq. (1.15). For example

a(w) = 7—172 j dr C(t)exp(ior)

t C(-t)exp(—iwt) + —l—jdt C(t)exp(iot)
27y

1 n
=-?7[£d
-—I—Tdt C*(t)ex (—ia)t)+L]ia’t C(t)exp(iwt)
Toxd <P 27y P
=—1—Jdt[C'(t) exp(—iwt)+C(t) exp(iwt)]
2ry

= Reljdt C(t) exp(iwt).
”0

(1.34)
Eq. (1.34) is convenient for numerical calculations because it limits the integration to only
positive times.

Although the calculation of correlation functions for all times is a difficult
dynamical calculation, one could do a Taylor series expansion of the correlation functions
about the initial time; see Refs.[6, 10, 12, 13, 22] for details. For further discussions of time-
correlation functions in spectroscopy, the reader is referred to refs.[4, 12, 13, 15, 18, 21, 23-

31].
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1.1.3 Linear Optical Response Function

Practically all physical experiments involve the application of an external
perturbation or force f(¢') on a system initially in equilibrium in order to elicit a response,
y(t). Such is the case, for example, when an electric field induces an electric dipole moment
in atoms or molecules. If the perturbation is sufficiently weak , the relation between y(¢) and
f(t') is linear. As the perturbation grows in magnitude, the assumption of linear dependence
becomes less tenable and ultimately must be replaced by a non-linear dependence. The
response then no longer depends on the first power of f(¢') but rather on higher powers or, if
several perturbations are acting sequentially, on their product. Specifically, it is assumed that
f(1') is the electric field E(r,s'), and y(¢) is the polarization P(r,r) (response of the system)
a rising from a redistribution of charges within the system exposed to the electric field.

We begin with the linear case to introduce the general formalism of a system
responding to an external perturbation. A non-local spatial dependence of the response at a
point r depends not only on E(r,t') but also on E(r',t') where E(r',t") is the perturbation at
other points r'. Here we will not consider the spatial dependence of the response function
under the local spatial dependence assumption, i.e., the response at a point depends only on
the force (the electric field) acting on the same point and no other [3]. The general relation
between £(r,r') and the response P(r,t), to first order, may then be written as

'

PO(r,t)= jS"’(r,t‘) E(r,t") dr', (1.35)

-

where t is the time the field is applied and S’(¢,¢') is the first order response function (also
called the after effect or Green's function; it is an intrinsic property of the physical system
and is independent of the applied field. (Equation. (1.35) is known as Kubos' formula [4, 8,

12]). In general, there may be a delay between the applied field and the polarization induced
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by the field. The response function represents a time lag of the system. If the system can
respond instantaneously to E(r,s'), then S®(1,') is a delta function. Ordinarily, however,
the system lags behind E(r,s"), and $*(¢,1') is monotonically decaying function of time.
The lower limit in the integral has been set equal to —o to allow E(r,s'") to build up gradually
from the distant past. The response function S (¢,/') depends on the difference ¢ — ' rather

than on t and t' separately. Equation. (1.35) then assumes the form

PO(r.0)= JS“’(:—:') E(r,t')dr'

0
= JS‘”(r) E(r,t+ 1) dr.

Next the linear optical polarization will be calculated in terms of the linear response function.
which was first developed by Kubo [4, 8, 12]. Although Mukamel has done extensive work
on calculating the response functions[3], his formalism will not be adopted in this chapter
because it involves Liouville space notation. Therefore, the linear optical polarization will be
calculated in Hilbert space, and the resulting response function will be compared to
Mukamel's result [3].

One can start calculating the optical polarization by assuming that the system is in
thermal equilibrium at ¢ =¢, (later taken to be —0) with respect to its Hamiltonian £, and its

state is

—_ - - exp("ﬂHo) ~
Ala) = ) = e, ) (437

When the perturbation H'(¢) is applied to the system at ¢ =, the system becomes in non-

equilibrium state for ¢ > r, that can be described by the quantum Liouville equation in the
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Schrédinger picture [3-21]

3 i i .
EP(I)=-E[H0’,0(!)]-E[H (1),A0] (1.38)

where the total Hamiltonian of the system at £> ¢, is

H=H,+H'(t) (1.39a)
where

H(t)=-v E(r,) (1.39b)

[t turns out to be more convenient to transform Eq. (1.38) to the interaction picture{3-21] as

3. P s /
gﬂ(f)--g(ﬂ (£),(r)] (1.40)

where (t) and H'(¢) are the density and the interaction Hamiltonian operators in the

interaction picture. For example, the density operator in the interaction picture is
) =exp(i Hy(r ~t)/h) (Xt) exp(—=i Hy(t —t,)/h) (1.41)

Eq. (1.40) is quantum Liouville equation in the interaction picture. Of particular importance
here is the appearance in the commutator of the perturbation Hamiltonian rather than the total
Hamiltonian in Eq. (1.41).

Equation (1.40) is a homogeneous first order ordinary differential equation that can

be converted to an integral equation starting with the initial condition A(¢) =(,) as follows:
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A0 =t) -5 [LAE) BN

n

(1.42)

Successive substitutions of Eq. (1.42) in Eq. (1.40) generates the pertubative expansion of

o) (3, 1L, 18,21, 30-33]

A=+ O+ PO+ PO+
where

PV = Aty) = Ak,

Ib“)(f) = ";l;"'.dtl [F[([()’p([o )]:

1y

0 == [ [F0), 5]

I

=(_é)' ftt, [ ey LALGE). LA AT

Ill ’U

,b(",([) = (";.;’)"jdtl ]. dtl ...... l':rd["

(O V(AN (D)

fn N N

with

E>0> 0 >> 1

(1.43)

(1.44a)

(1.44b)

(1.44c)

(1.44d)

(1.45)

These equations enable us to make successive approximations to p(t) when Xr,) = o(f,) is

known. They have a wide range applicability in time-dependent perturbation theory and play

a fundamental role in the description of linear and nonlinear spectroscopy. For the sake of

convenience we shall assume that the operators are in the interaction picture without using
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"~" on top of the operators, unless this is essential. In terms of the density operator, the
optical polarization P(r,t) can be written as the expectation value of the dipole moment
operator as

P(r.t)=Tr{vat)}, (1.46)

substituting Eq. (1.43) in Eq. (1.46), one obtains
P(r,t) = Tr{v [d9(0)+ 0V () + 4P () + - +p" (0}
=Tr{v PO} +Tr (v (O} + Tr{v g2 ()}

Tr{v p" (t)}+ (1.47)
= PO, )+ PO )+ PO, )4+ PO (e 0 )+

It is assumed that P*”(r,¢) vanishes at thermal equilibrium. Clearly, from Eq. (1.47),
P (r,t)=Tr{v p"(£)}. (1.48)

Therefore with Eq. (1.44b), one obtains

PY(r,t)= Tr{v [w;f;‘[d:l [H'(¢,), (¢, )]]}. (1.49)

One can set £, = —w and rewrite Eq. (1.49) using Eq. (1.39b) as

PO(r,0)= Tr{ (-é jdtl v [H'(, ),p(—oo)])}
- (1.50)

:% [ dt, Tefv [v(e ) o(=0) ]} E(r,1)
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upon invoking the cyclic property of the trace and the fact that p(~e0) commutes with A,

Eq. (1.50) becomes

PO(r,t)= —--;; J' dt, Te{[v(t, ), (—0)] v} E(r,t,)

!

- -é [ dt, Te(Qv.vr ) =)} ECr.ty) (151)

[

= -é‘[ dt, {[v,v(1,)] (=) E(r,1,)

)

Comparing this expression with Eq. (1.35) or Eq. (1.36), it is seen that the linear response

function is of the following form

S“’(t)-—-—;;qv, v(£)lo(-0))

=;4<[v<t), v]o(-a))
[

. (1.52)
=§(J(r)—f(r))
= 2I J
‘-E m ({)9
where
J(t)=(v(t) v (—0)) (1.53a)
and
JT(t)=(v v(t) p(—x)). (1.53b)

J(t) is the dipole moment two-point time-correlation function. The response function defined

in Eq. (1.52) is identical to Mukamel's result, see Egs. (5.18)-(5.20) of Ref. [3]. Note that
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PY(r,t) in Egs. (1.48)-(1.52) contains two dipole moment operators; Eq. (1.48) indicates
that P""(r.t) will have n+1 dipole moment operators.

This concludes the presentation of the basic description and derivation of the linear
optical response function. Non-linear response functions will be discussed in Chapter 2. In
the next section the harmonic interactions that can take place when nuclear (vibrational)

motions (e.g., phonons in crystals) couple to the electronic transition of a chromophore in a

condensed phase will be examined.

1.2 Electron-Phonen Coupling

Normally optical lineshapes for condensed phase systems are determined by the
nature of electron-vibration coupling. In the harmonic approximation, phonons (in a solid
environment) can couple to the electronic transition of the chromophore linearly. by linearly
displacing the upper potential energy curve of the excited electronic state |¢) relative to the
equilibrium nuclear position of the ground electronic state |g), and quadratically ,by
changing the curvature of the upper potential energy curve. This, in turn, changes the force
constant, on account of the electronic charge redistribution, which leads to changing the
frequency of the vibrational mode upon electronic excitation. Figure 1.1 shows a schematic
representation of the potential energy curves of the two electronic states based on the
harmonic approximation. The diagonal force constant in the excited state gives rise to
diagonal quadratic coupling, while the off-diagonal force constant rotates the normal
coordinates of the excited electronic state relative to those of the ground state. This off-
diagonal quadratic coupling is the Duschinsky effect [34-36] and is important when
Herzberg-Teller coupling (strong dependence on the nuclear coordinates) [34] cannot be
neglected [35]. Thus the Duschinsky effect can be neglected for a chromophore that
possesses strongly allowed electronic transitions in the Condon approximation (weak

dependence on the nuclear coordinates) since Herzberg-Teller coupling seeme to be the most
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Figure 1.1 Schematic representation of changes of the upper adiabatic potential energy curve
relative to the lower one due to both linear and quadratic electron-phonon
coupling upon electronic excitation. Q, is the vertical (Franck-Condon
principle) transition frequency and Q the adiabatic electronic energy gap. which
is defined as the distance between the minima of the potential energy curves. It
indicates that the upper potential well has changed in two ways with respect to
the lower one upon electronic excitation,; it is displaced to the right and it has a
different curvature (different force constant) which changes the frequency for the

vibrations (phonons) in the excited electronic state.




important requirement for the Duschinsky effect [36]. Note that the Duschinsky effect can
only be applied when two or more modes are present. Here we shall consider only the linear
(linear displacement) and diagonal quadratic electron-phonon coupling (frequency change).

Consider absorption from the ground electronic state (g) to an excited electronic
state (e) and let " and o' be, respectively, the ground and excited state frequencies of a
vibrational mode. Let q be the dimensionless normal coordinate of this mode for the ground
electronic state. It is related to the mass-weighted coordinate, Q, by q = (0"/h)!/2Q.
Similarly, we define d as the dimensionless translational displacement between the potential
energy minima of the two electronic states. For linear and diagonal quadratic electron-
phonon coupling the excited state vibrational Hamiltonian is given exactly by

"

h
H,=H, +—(70-[(r3 -l)q2 +2r2 qd+r2d2]+ﬁQ ,
- (1.59)

where r = (0'/0"). #Q is the adiabatic electronic energy gap. The r*d*term multiplied by

ha"l2 is the optical reorganization energy. Thus,

w22
QV=Q+C\) rd /2, (1.55)

where Q, is the vertical (Condon) frequency gap. [n Eq. (1.54), Hy is the vibrational
Hamiltonian for the ground state:
—_ we, + o}
H, =ho"(a"a+1/2), (1.56)
with a* and a the raising and lowering operators for the ground state, i.e. g =2-1/2(a* +a).

For a multi-mode system one need only sum Eq. (1.54) over all modes.




o
[RS]

The excited state vibrational Hamiltonian can be approximated for r > 0.7 as follows

(see Chapter 3 for details)

H, = hm’[(a*a+%) +Q2=-rNYd@ +a)/V2+2-r"Hd? /2}”@

(1.57)

It is the elimination of a*? and aZ that simplifies tremendously evaluation of the linear and
non-linear response functions. An approximate electronic dipole moment correlation
function for both linear and diagonal quadratic electron-phonon coupling for < 30%
frequency change, the linear absorption lineshape function, and the resulting Franck-Condon
(FC) factors will be derived using the excited state Hamiltonian in Eq. (1.57) and discussed
in Chapter 3.

So as to be able to rest on solid grounds we shall proceed from the simplest electron-
phonon coupling cases to successively more involved ones. Let us consider first the linear
coupling case and the relevant features such as the reorganizational energy, linear
displacement, absorption lineshape function, and FC factors.

1.2.1 Linear Coupling

Linear coupling is considered starting with the well-known expression for the
electronic dipole moment correlation function J(¢;7), without a damping constant, (which
we will obtain in Chapter 3) to illustrate the spectroscopic features that accompany linear

electron-phonon coupling. J(£;T), for a multi-mode system reads
J(:T), =exp[-g(t;T) - Q. 1), (1.58)

where the lineshape function
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g;T) =Y g7, (1.59a)
/

with
g,(;T) = §,[coth(fha, )(1 - cos(w t) + iSin(w,t) - iw ] (1.59b)

and the vertical transition frequency, obtained by setting ©' = " = @, in Eq. (1.55), (see

Figure 1.2)

Q,=Q+S0, (1.59¢)

The first term, Q, in Eq. (1.59c¢) is the adiabatic electronic energy gap, which is defined as the
distance between the minima of the potential energy curves of the two electronic states (see
Figure 1.2). The second term in Eq. (1.59¢) represents the optical reorganizational energy

A; =80, with §;=d jl/?. being Huang-Rhys factor and w; is the frequency of mode j.
Figure 1.2 illustrates the Franck-Condon principle at the top for different cases of linear
displacement and the corresponding absorption spectra. [t also shows that the only change in
the upper potential energy curve is its nuclear separation (no curvature change) due to only
linear coupling. Huang-Rhys factor, §;, is a dimensionless coupling strength parameter that
measures the linear displacement of upper potential energy curve, which is a consequence of
the linear interaction between a chromophore (electronic transition) and the surrounding
environment (phonons). For example, in Figure 1.2 (a), for S; =0, the chromophore is not
linearly interacting with the phonons and the absorption spectrum is purely electronic.
(However, there might be higher-order interactions, e.g., quadratic or anharmonic, taking
place, as will be discussed later.) When the phonons couple to the electronic transition §; is
greater than zero. Therefore, the more the phonons coupling to the electronic (0,0) transition

(ZPL), the larger S; (more interaction between the chromophore and its environment)

becomes as shown in Figure 1.2 (b) and (c) . For strong electron-phonon coupling (S; >> 1),
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Figure 1.2 Potential energy curves illustrating the basis for Franck-Condon principle and their

corresponding absorption spectra calculated using Eq. (1.60) with o= 50 em™,
y;=5 cm™ and T =0 K. The upper potential energy curve lies directly above the
lower one (d = 0), the spectrum is purely electronic (¢™* =1) in (a) , is slightly
shifted to the right due to S =0.50 (weak coupling) where the ZPL is still the
most intense band (¢”5 =0.60 (1-e™* =0.40)) in (b), and with greater linear

displacement due to S =2 (strong coupling) where (2,0) transition is the most

intense one and the ZPL is getting weaker (¢ =0.13 (1-¢™* =0.87)) in (c).




the (0,0) transition (zero-phonon line (ZPL)) intensity becomes too weak to be observed and
the multi-phonon transitions (phonon sideband (PSB)) will dominate the absorption profile,
as in Figure 1.3. Next, we will demonstrate the above discussion by taking the Fourier
transform (FT) of Eq. (1.58) to obtain the linear absorption lineshape function in the
frequency-domain from which we can deduce FC factors.

FT of Eq. (1.58) for mode j is (Q2 = 0) (Appendix B of Chapter 3)

o (@T) =ex;{—sj cott] 7 ;’fﬂ S exp(mpha,12) L,(z,) Sw-ma,),
= (1.60)

where z, = Sj csch(phrw j/2) and [,(z,) are modified Bessel functions and the integer m
signifies the net change in the number of phonons (creations and annihilations) associated
with the phononic transitions, but is not a quantum number. Equation (1.60) is not very
spectroscopically insightful due to the presence of Bessel functions and the temperature
dependence. However, we can work at a simpler level in the limit where T — 0 K. then

o(w) becomes

m

@ S
o(w) =exp(-S,)Y. L Jo-ma,), (1.61a)

m=0

and one can write Eq. (1.61a) as

m

o(w)=exp(-§;) Xw-0.00)) +exp(—Sj)i S’;;,~ Xo-ma)). (1.61b)

m=|

This form will simplify the discussion of FC factors for the cold transitions below. Since we

are in the low temperature limit, the quantum number of the initial state for the absorption




transition is zero. m is the final state quantum number. The presence of a delta function in
Egs. (1.60) and (1.61) implies that the (0, 0) transition (no change in the number of phonons)
occurs at ® = 0 and the multi-phonon transitions occur at @ = me;. For instance. Figure 1.2
(b) is an absorption spectrum with @;= 50 cm™, it shows that the (0,0), (1,0), (2.0). (3.0)
transitions appear at @ =0, 50, 100, 150 cm™, respectively. The first term in Eq. (1.61b)
describes an optical electronic transition without creation of phonons and, therefore, it
represents the zero-phonon line (ZPL). The second term in Eq. (1.61b) describes the phonon
sideband (PSB). The mth term represents a phononic (vibrational) transition which involves
a creation of m phonons. Note that since T = 0 K, annihilation process of phonons does not
oceur.

The first term in Eq. (1.61b) dictates that the FC factor for the ZPL is

€010) =exp(-S,), (1.62)

which indicates that when §; is large, the integrated intensity of the ZPL is relatively small.
The second term in Eq. (1.61b) shows that the FC factors for the 0 — m (m 2 1) transitions

are

[(mlO)* =exp(=S,) S,"/ m!. (1.63)

Using Stirling's approximation [37], Eq. (1.63) can be approximated as [38]

Km0 = exp(=S, )exp[~m(In(2m /d}) ~ 1), (1.64)

Eq. (1.64) has a maximum at m=S;. For example, when S; = 1, then the 0 — 1 transition

will be the most intense band in the spectrum, as evident from Figures 1.2 (c) and 1.3. Butif
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Figure 1.3 Examples of strong linear electron-phonon coupling where the muiti-phonon
transitions dominate the absorption profile. Parameters are the same as in Figure 1.2 but
using different values of S. As S increases the ZPL intensity gets weaker where the most
intense transition is the one that creates number of phonons equal S (e.g., for S =3, 5, 6,
(3,0), (5,0), (6,0) transitions are the strongest ones, respectively). Note the ZPL intensity is
diminishing for S =5 (¢™5 =0.007) and 6 (¢™* =0.002) and the spectrum is approaching a
Gaussian distribution in accordance with Eq. (1.57) .
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§;< 1, then the ZPL will be the most intense band in the spectrum, as in Figure 1.2 (b). I[tis

interesting to point out that Eq. (1.63) is the Poisson probability distribution, P(m), and
therefore

m

@x S _
D exp(=S$,) ”'zl- =1 (1.65)

m=0

An important property of the Poisson distribution is that as S, gets very large, it becomes a

Gaussian distribution (see Figure 1.3) [39] as

P(m)= exp[-(m~S,)* 125 ] (1.66)

l
‘/2755'/.

Equation (1.66) clearly shows that the maximum of the absorption profile is at m=S§; as can
clearly be seen from Figure 1.3. The other extreme is when S; — 0 (the adiabatic potentials
are identical), then the absorption spectrum is a §@). In this case, the phonons are
completely decoupled from the electronic transition, and do not show up in the spectrum (see
Figure 1.2 (a)).

Let us compare our FC factor results with those that were first calculated by Huang
and Rhys [40] (1950) and Pekar [41] (1950) using the overlap integrals of the simple
harmonic oscillator wave functions. FC factors for linear coupling are {38]

2 ! m-n m-n 2
1<m|n>|-=exp(—sj)£;sj‘ 'L (S)F, n>m (L67)

where m and n denote the quantum numbers for the final and initial vibrational states, and
L™ are the associated Laguerre polynomials. Using Eq. (1.67), the FC factors for the 0 —

m transitions are
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Km0 =exp(=S,)~— 5[4 (5, m20 (1.69)

but when ;" (S,) = 1, then Eq. (1.68) is identical to Eq. (1.63). The FC factors in Eq. (1.67)
are temperature independent, for temperature dependent FC factors see Eq. (13) of Ref. [42].
In summary, it has been shown, via the absorption lineshape and FC factors. that
when S < 1 the ZPL dominates the absorption profile, and when S >> 1 the PSB is the
dominant. Therefore, one can conclude that S, is the most important quantity in the linear
coupling approximation, and it gives rise to the PSB and its associated ZPL.
1.2.1.1 Lorentzian Lineshapes
To generate single-site absorption spectra, the delta functions in Eq. (1.61a) need to
be replaced with normalized lorentzians such that 2!l bands in the spectrum have a fwhm of y

i This results in

m

v,27

L] S
o(w) =exp(=S,) )~ (1.69)

m=0 m! (w-mw1)2+(}/j/2)2 ’

and will enable us to see the structure of the absorption profile, i.e., Franck-Condon
progressions, see Figures 1.2 and 1.3. Equation (1.60) is unphysical because it implies that
the lifetimes of the excited electronic state and the vibrational states are the same. This
problem will be resolved in Chapter 3. However, using Eq. (29) of Chapter 3, physical
single-site absorption spectra can be generated where the ZPL carries a width of v, (fwhm)

and the progression members carry widths given by

(fwhm), =y, +my,, m2] (1.70)
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as shown in Figure 1.4. Of course, at T = 0 K pure electronic dephasing (7, ) processes do
not take place and, therefore, the above 1/y,) simply represents the excited electronic state
lifetime (7}).

If the sample temperature T = 0, processes of creation and annihilation of phonons
take place; more phonons will be thermally populated and, as a result, more multi-phonon
transitions occur. Equation (1.60) shows that the ZPL FC factor is exp(-S, coth(Shw,/2)]
and that of the PSB is (1-exp[-S, coth(fhw, / 2)]). This thermal population leads to
electron-phonon scattering (elastic scattering, i.e., no energy change) and, in turn, causes a
phase shift [5, 14, 16, 17] of the excited electronic state wave-function which manifests itself
in the absorption spectrum as a spectral broadening of the ZPL. This spectral broadening is
called pure dephasing and depends on temperature such that it increases as temperature
increases For example, as the temperature increases. more phonons are thermally populated.
which leads to more scattering of the phonons at the impurity center and results in a greater
phase shift (pure dephasing). Thus, it is reasonable to assume that the total homogeneous

line width of the ZPL is determined by total dephasing time 7, of the optical transition:

S 070
T, 2T, T,

where T is the excited electronic state lifetime and 7, is the pure dephasing time.

[n order to produce temperature dependent single-site absorption spectra, the delta
functions in Eq. (1.60) need to be replaced with normalized lorentzians such that all the
bands in the spectrum (including the ZPL) carry y; (fwhm) width. Again, this is unphysical,
vide infra, but it allows us to clearly see how the structure of a single-site absorption profile

changes as one raises the temperature. For example, if the sample is heated the integrated
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Figure 1.4 Single-site absorption profile calculated with Eq. (29) of Chapter 3 with S = 0.50,
w;=50cm™, y;=30cm™, and y, =5cm™ at T=0K. PSB shown as a broad

band with its associated sharp peak, the ZPL due to linear electron phonon

coupling.
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intensity of the ZPL decreases and the intensity of the PSB increases. This is illustrated in
Figure 1.5 for the parameters used for Figure 1.2 (b) (S=0.50, T=0K, @; =50 cm™, y,=3
cm™) but calculated at T = 30 K and 120 K. Figure 1.5 shows the rise of the hot bands, the
intensity loss of the ZPL, and the PSB intensity increase due to the temperature increase.
However, the integrated intensity of the whole profile does not depend on temperature (in the

Condon approximation) [43-45]:

[y (T) + [ ,,;(T) = constant, (1.72)

where [, (T) is integrated intensity of the ZPL and /,,(T') is that of the PSB. Thus, Eq.
(1.72) tells us that the lost intensity from the ZPL has been transferred to the PSB. Assigning
the same width to all the bands is unphysical because it does not take into account pure
electronic dephasing. Furthermore, the homogeneous width of the ZPL is independent of the
phonons relaxations. The same width has been assigned to all the bands here only to simplify
explaining what physically takes place when one raises the temperature. However, this
problem will be resolved (see Eq. (27) of Chapter 3) with examples and applications given in
Chapter 3.

In light of the above, it is seen that in the linear coupling approximation ZPL gets
very weak as temperature increases, and is hardly observed for S>> 1 at T =0 K (see Figure
[.3). Therefore, one can conclude that only the PSB is governed by the linear coupling
approximation. Furthermore, electron-phonon scattering causes pure electronic dephasing
(optical coherence loss) and if S;= 0, there will be no dephasing according to the linear
coupling approximation. It will be shown below that this is not physical unless higher order
coupling terms are taken into account. Next the diagonal quadratic electron-phonon coupling

is discussed.
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Figure 1.5 Single-site absorption spectra same as in Figure 1.2 (b) at finite temperatures
calculated using Eq. (1.52) by replacing the delta functions with normalized
lorentzians. Note the presence of the hot bands on the low energy side, the
intensity loss of the ZPL, and the PSB intensity increase as the temperature
increases. (e >™""*'® =0.55 and 0.18 for T =30 and 120 K). The intensity lost

from the ZPL is transferred to the PSB intensity according to the conservation

law.
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1.2.2 Quadratic Coupling

Figure 1.3 indicates that when S| increases the PSB predominates the entire
absorption profile while the ZPL contributes insignificantly. Therefore, we can conclude that
the linear coupling approximation is not sufficient for studying the homogeneous broadening
of the ZPL (pure electronic dephasing). While linear electron-phonon coupling does not
contribute to pure electronic dephasing, quadratic coupling does, vide infra. In other words,
quadratic coupling can be neglected when considering the PSB, but not when considering the
ZPL [43-45]. This is reminiscent of the three important findings by Small and co-workers
when studying the ZPL dynamics in polymers and glasses [46, 47]. The first finding was that
the exchange coupling mechanism [48, 49], which originates from quadratic electron-phonon
coupling, often accounts for pure electronic dephasing at higher temperatures. (Above about
15 K the pure electronic dephasing becomes dominated by quadratic electron-phonon
coupling, which gives rise to exchange coupling mechanism involving a low frequency
pseudo-localized vibrational mode associated with the probe molecule.) The second finding
was that the phonon modes exhibit negligible linear electron-phonon coupling (which means
if we limit our system to only linear coupling, there will be no optical coherence loss, vide
infira). The last finding was that the linearly coupled modes contribute appreciably to the
PSB and negligibly to the ZPL. As a result, Small and co-workers [46, 47] concluded that
neglecting quadratic coupling in liquids is questionable. In the limit where S, — 0, g,(#:T)
of Eq. (1.51b), Eq. (24) of Chapter 3, or the one generated by the multi-mode Brownian
oscillator (MBO) — 0 [3]. Thus, when linear coupling vanishes (S;,— 0), there is no optical
coherence loss. This is unphysical as recognized by Fleming and co-workers [50]. However,
inclusion of quadratic coupling leads to optical coherence loss (even when ;= 0).

Of course, quadratic coupling contributes to PSB. However this coupling can never
considerably increase the intensity of a PSB [44, 45] because FC factors dictate that quadratic

coupling contributes to the phononic transitions with creation and annihilation of an even
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number of phonons. Since the FC factors for any n — m transition for only quadratic
coupling do not seem to be available in a closed form, they are only given here for the 0 > m

(cold transitions) transition {38]:

Kmjoy =2 (M~ DH Jo (w.,_w,
oo (1+0)\ 0"+’
” m = odd

) m=even (173)

where © = @'"/@'. Note that the final vibrational state m must be even due to the definite
parity of the harmonic oscillator eigenstates (unlike the linear coupling), otherwise the
overlap integral will be zero because the integrand is odd. [t would be more instructive if we

write out the FC factor for the ZPL,

1, VO
[K010) —2(“_@) ;

(1.74)
which means that the integrated intensity of the PSB generated by the quadratic coupling is

(1 - 2@/(1 +®)). Recall, only even transitions contribute to that PSB. For instance, if 0"=
30 cm™ and @' =25 em™, then FC factors for (0,0), (2,0), (4,0) transitions are 0.994. 0.0060,

m

0.000056, respectively. In general, [(@"-o' V(@"+@')]" for m 2 2 can never exceed unity.
Thus, the ZPL dominates the entire profile under consideration (e.g., hole-burning, photon
echo, or linear absorption) and the PSB contributes negligibly to that profile. Therefore, the
contribution of quadratic coupling to the PSB, as a rule, is negligible [43-45].

The problem of handling quadratically coupled modes will be treated in Chapter 3
where pure electronic dephasing is taken into account and because of the approximation

made (Eq. (1.57)) results are obtained that are valid for up to about 30% change of frequency.

Furthermore, the only transition is seen at T = 0 K is the (0,0) transition (ZPL) but as the
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temperature increases only the sequence transitions start to arise (e.g., (1,1), (2,2), etc.), see
Figures 2 and 5 of Chapter 3. Figure 5 of Chapter 3 shows that the quadratic coupling shifts
and thermally broadens the ZPL.
1.2.3 Linear and Quadratic Coupling

Modes that are both finearly and quadratically coupled are infrequently encountered
and, for completeness, some of the most relevant features that may arise in spectroscopy will
only be briefly pointed out. The reorganizational energy, A, in harmonic systems whose
modes exhibit both linear and quadratic electron-phonon coupling is equal to Sw"/@" (see
Eq. (1.55)), which will lead to a different vertical transition frequency Q, (the sum of the
adiabatic gap and A, as shown in Eq. (1.59¢)) from that one for the linear coupling case. The
fact that A for both linear and quadratic coupling case has changed is a direct signature that
FC factors will change accordingly. and be different from the linear coupling ones. This is
because of the following. As can be seen from Figure 1.1 the vertical line, Q,, starts from
the equilibrium nuclear separation (where the probability distribution function is maximum)
of the initial vibration state and reaches the most probable vibration state in the upper
electronic state where this probability is larger at the classical turning points. Since FC
factors tell us which transitions are the most probable ones (strongest transitions) in a
spectrum, they must change in accordance with Q, (Franck-Condon principle) because they
both lead to the most probable transitions. Hence, the upper vibrational state that the vertical
line intersects will be the most intense member of the progressions. Furthermore, the
centroid (1) of the PSB will change as well causing all the absorption spectrum peaks to be
shifted to the left (@'-0")/2 cm™. The fact that we have two different fundamental
frequencies (o' and ©"), at high enough temperature, the bands attributed to ", its multiples,
assuming o' < ", and the multiple of the difference of the two fundamental frequencies start
to appear and this will lead to non-constant splittings between the bands, unlike linear

coupling. The difference of the two fundamental frequencies and its multiples give rise to
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quantum beats in time-domain, which will be discussed in Chapter 2 with examples given in

Chapter 4. To this end we just give the FC factor for the ZPL [38, 51-533.],

wll +a)’

[<0[0)}* =2 ( exp(-25a0'/(0"+a')) (1.75)

[n Chapter 3 approximate FC factors will be obtained, which are adequate up to ~ 30%
frequency change. They are derived from the Fourier transform of J(t;T) obtained from our
approximate excited state vibrational Hamiltonian. For more extensive details on FC factors
for both linear and quadratic electron-phonon coupling with and without anharmonicity see

Ref. [38].

1.3 Dissertation Organization

This dissertation contains the candidate's original work on theoretical development
of temperature dependent linear and non-linear spectroscopy for condensed phase systems.
Chapter 1 provides a general background on classical and quantum correlation functions.
optical linear response functions, and harmonic electron-phonon coupling and the relevant
Franck-Condon factors. Chapter 2 gives a background on applying optical non-linear
response functions approach to photon echo spectroscopy. Chapter 3 and Chapter 4 are
submitted papers on optical linear and non-linear response functions for condensed systems
with linear and quadratic electron-vibration coupling. Chapter 3 contains an approximate
linear response function for both linear and quadratic electron-phonon coupling, its associted
Franck-Condon factors, and a linear response function that describes the pure electronic
dephasing (homogeneous broadening of the zero-phonon line) for only linearly coupled
modes. Chapter 4 is an extension and applications of the formalism developed in Chapter 3

to non-linear spectroscopy (photon echo). Concluding remarks are given in Chapter 5. Three
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appendices are given at the end of the dissertation: Appendix A provides a spectral analysis
of the multi-mode Brownian oscillator model. Appendix B gives a mathematical proof of the
equivalence of Eq. (27) of Chapter 3 to Eq. (17) of Hayes et al [42]. Derivation of Eq. (29)
from Eq. (27) of chapter 3 is given in Appendix C
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CHAPTER 2. NONLINEAR OPTICAL SPECTROSCOPY FOR CONDENSED
PHASE SYSTEMS

2.1 Introduction

Linear optical experiments cannot extract structural and dynamical information
about molecular systems in condensed phases because they are usually hidden underneath a
broad inhomogeneous distribution due to a variation in transition frequencies for different
molecules, as a result of different local environments. This is typical for linear spectra in
solutions, liquids, glasses, proteins, polymers and molecular crystals. However, non-linear
optical techniques such as hole-burning [1-7], photon echoes {8-31], pump-probe absorption
[8-10, 32-40], and fluorescence line narrowing [41-46] can extract this information by
eliminating the inhomogeneous broadening. Those techniques require going to higher order
optical response functions, i.e., non-linear response functions.

[n hole-burning and fluorescence line narrowing techniques, the elimination of
inhomogeneous broadening involves a selective narrow band excitation of a subgroup of
molecules. and then following its subsequent dynamics by measuring the change in the
absorption of a probe (hole-burning) or the spontaneous emission (fluorescence line
narrowing). Only a small fraction of molecules within the inhomogeneous distribution is
selectively probed in this case resulting in a partial elimination of the inhomogeneous
broadening effect. On the contrary, the pulsed excitation process in photon echo
spectroscopy is non-selective and the entire inhomogeneous distribution is excited. The
ability of photon echo technique to eliminate the inhomogenecus broadening from the signal
is the result of two propagation periods in which the inhomogeneous broadening has an
opposite effect (the depahsing in the first period is followed by rephasing in the second)

which exactly cancels.
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In light of the above, hole-burning and fluorescence line narrowing techniques are
based on frequency selection of chromophores by preparing a small homogeneous fraction of
molecules (chromophores). Therefore, both emitted light and burned hole reflect a spectral
width close to that in the single-site absorption/fluorescence spectra. On the other hand,
photon echo spectroscopy is a kinetic type of spectroscopy. The photon echo methods are
based on the temporal evolution of the chromophores dipole moments. This can be more
easily seen using the wave function approach or the Bloch vector model [13, 15], vide infra.

The importance of optical polarization in spectroscopy was established in the
previous Chapter. Since optical polarization is the only material quantity that appears in
Maxwell's equation (Eq. (1.1)), it carries a complete microscopic information about the
system. It was also pointed out that the non-linear third-order polarization, P*)(r.r), is a key
quantity in the interpretation of 4-wave mixing experiments (4 WM) such as photon echoes,
fluorescence line narrowing, hole-burning, and pump-probe spectroscopies. For example,
when three incident pulses are applied to a sample, they interact with it to generate a new
field (e.g., echo field in photon echo measurements). Here we limit the application of third-
order polarization, which is expressed in terms of non-linear third-order response function as
P (r,r) was expressed in terms of linear response function S (¢) in Chapter 1. to photon
echo spectroscopy. More extensive applications of non-linear third-order response function

in non-linear spectroscopy can be found in [8].

2.2 Non-Linear Optical Response Function Description of P (r,t)

The non-linear third-order response function governes all the non-linear optical
measurements. Equations (1.35) and (1.36) indicate that the polarization of the medium can
be written as a convolution of the response function and the electric field(s). Following the

same procedure that was adopted to calculate P"'(r,z), P)(r,t) can be calculated by
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substituting Eq. (1.44d) for n =3 in Eq. (1.48) and changing the integration variables as

shown in Chapter 5 of Ref. [8], this yields

PO(r,1) = ]dt,jdtzjdtssm((”tz,t,)E(r,[ -1)
0 0 0

2.1)
x E(ryt—=t,=6,)E(ryt —t;—t, ~1,),
where the non-linear response function is
4
SO(ty,00,0) = =207 &) K0 &) Im Y R (85,05,),s 2.2)
a=|

where R, (t5,t,,¢,) are the non-linear correlation functions, 8(t,) is the Heavyside step
function, and t,t,, and t, are the time intervals between successive interactions with the
radiation field. The R,(t,,¢,,t,) terms represent only the homogeneous part (the dynamical

contributions) of S¥(¢,,4,,4,). R,(L;,15,4,) factors are given by (8, 38]

R =Tr[G,(t;)G..(6,)G. ()P, ]
R, =Tr[G,,(6)G..(t,)C,.(h)P, )
Ry =Tr[G,, ()G ()G, ()P, )
Ry = Tr[G (1) (2)Go(1)P, )

It is assumed that the system is initially in thermal equilibrium in the electronic ground state
and its nuclear density operator is p,. Tr denotes a quantum mechanical trace over the
nuclear degrees of freedom. The coherence time evolution operator (off-diagonal Green's

function) is defined by its action on an arbitrary operator A:

G,,(t)=exp(~if t/ n)Adexp(iH /%), nm=e,g 2.4)
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where H, and H, are the adiabatic nuclear Hamiltonians of the molecular system in the
electronic states |g) and |e), respectively. (Note that G,,,(t,) (diagonal Green's function)
describes the time evolution of the molecular nuclear degrees of freedom in the electronic
state m and has a well-defined classical analog. On the other hand, the off-diagonal Green's
function, G, (f) with n = m, describes the molecular dynamics in an optical coherence
(electronic dephasing) during ¢, and ¢, periods, which is purely quantum mechanical.

Using the form of Eq. (2.3), the non-linear response function may be given the

following interpretation: The system is initially at thermal equilibrium in the electronic

ground state p, (—w) before applying the radiation field. When the field is turned on, the
system interacts with the field three different times. Figure 2.1 shows that the first
interaction (takes place at time ¢, =t ~t, —t, — ;) prepares the system in an optical coherence,
the system then evolves for a period ¢,. The second interaction (takes place at time

@, =t -1, —t;) converts the system coherence state into a population state. The system then
evolves for ¢, period as Figure 2.1 shows. Finally, the third interaction (occurs at time

@, =t —t;) sets up again an electronic coherence in the system that evolves for ;. Attimet>
t, the optical polarization is calculated by taking the trace. (Recall that

PO (r,t)=Tr{vpP(t)} (Eq. (1.48)) where p7(¢) is given by Eq. (1.44d).) Therefore, one
can conclude that ¢, and ¢, govern the dephasing times as described by G, (¢) and ¢, governs
the population time in accordance with G, (f,).

The structural heterogeneity of the environment causes a variation in electronic
transition frequencies, Q, of the guest molecules which gives rise to inhomogeneous
broadening. As a result, the inhomogeneous broadening need to be included in the response
function, Eq. (2.2). Upon evaluating the ensemble average of Eq. (2.3) over the distribution
of Q (ZPL frequencies) one gets the following inhomogeneously broadened non-linear

correlation function [8]
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R, (t5,t5,8)) (85 £ 1), (2.5)
tl t2 t3
- > R
- 2 % IV
? ®Q, ? t
coherence state population state coherence state

Figure 2.1 The time arguments in Eq. (2.1). The three interactions of the system with the
radiation field take place at times @y, @, and @3. The polarization is then
calculated at time t; t|, ty, and t5 are the time intervals between the radiative

interactions.

where the y function represents the inhomogeneous dephasing in time domain. (r; £¢,)
comes from the ensemble average of the exp[—iQ(#, £¢,] factor which appears in R (4;,%,,4)
(see Eq. (8.15) on p. 213 of Ref. [8]). That equation clearly shows the dependence of

R, and R, on exp[-iQ(s; +1,)] and R, and R, on exp[-iQ(¢, - ¢,)] and, therefore,

R, and R, will select (¢, +¢,) and R, and R; will select y(t; ~#,). Combining Eq. (2.2) with
Eq. (2.5), one obtains [8]

. \3
S‘”(fs,fz,fl)=&) &) A )1 KR, (45,0550) + Ry (15, 65,t)) 285 — 1)

+[R, (£5,85.0) + Ry (6, 65,0 ) 1265 + 1)}

2.6)
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The radiation field E(r,t) for a general 4WM process can be decomposed into three

components:

E(r,t)=E (t + T+ 1)exp(ik,.r —iomt)+ E,(1 + t)exp(ik,.r — iw,!)
+ E,(t)exp(ik;.r—iwyt)+c.c.

where, for example, E,, E,, and E; would determine the temporal shapes of the pulses
centered at t = — (7' + 1), t = -7, and t = 0, respectively. Here, ' is defined as the delay
between the first (E,) and second (E,) pulses while t is the delay between the second and
third (E;) pulses, while w; denotes the incident pulse mean frequency. Those pulses will
interact with the medium to generate a new field with k, and w,, where k_ can be any
combination of the incoming wave vectors, k, =k, *k, +k; and o, = tw, * w, + w;. The
various types of 4WM experiments differ by the choice of k, w,, and the temporal
characteristics of the incoming pulses [8, 17, 36, 38, 47]. Substituting Egs. (2.7) and (2.6) in
Eq. (2.1) yields extremely complicated expression for 2(r,r) with highly oscillatory terms.
see Refs. [8, 17, 36, 38, 47, 48] for more details on selecting k, and w,. However, PP (r.r)
can tremendously be simplified if the pulses are infinitely short, resulting in P (r.r) ~

SO, 1, 7), vide infra.

2.3 The Non-Linear Response Function for Pheton Echo Spectroscopy

Invoking the rotating wave approximation (by neglecting the highly oscillatory
terms), in addition to the to the assumptions made in Refs. [8, 9, 17, 38, 47, 48] regarding the
sums and differences of the electronic transition frequencies and the fields, leads to gratings
with wave vectors +(k, —k,) created by E, and E, interactions [8, 9, 17, 38, 47]. As a result,
the four dominant wave mixing signals show up in four possible directions: +k, +(k, -k,).

Thus, the remaining components of non-linear third-order polarization are given by [8, 9, 48]
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.\ 3
P‘”(ka,t)=(—;-) [Pty [, ["at[R, (250 1201)+ Ry (13 82,1)]
x y(t, =) E(t—t,) E\(t+T—t; = t,) E, (t + T'+7
—t,—t, —t,)expli(w, + @, — o) )t; + i(@w, — )ty — iyt ], 2.8)

and

2\ 3
!
P‘”(k,,,t)=(;l-) fdt3 fdt2 fdt,[Rl (L taat)) + Ry (3,05,1)]
x p(L+0) E(t =) Es(t+T—=1,—1,) E(t + T'+T
—t,—t, =) expli(@;, — w, + O, + (W, — @) )t +iayt ], (2.9)

where k, =k, +k, -k, and k, =k, -k, +k,. The other components (~k, and —~k,) are
obtained by taking the complex conjugate since [P® (k,t)]" = PO (=k,?).

The wave vector which an echo experiment selects is [8, 9, 17, 47]
tk, = +(k, +k, —k,) which, by Eq. (2.9) , selects R, (#;,¢,,¢,) and R;(¢3.4,,¢,) factors.
Recall that R, (t;,1,,4,) and R, (t;,1,,t,) factors select its static (inhomogeneous) contribution
as y{t,—t,),and y(t,+1,) is selected by R, (¢;,¢,,4,) and R, (¢3,t,,¢t,) factors, vide supra.
Note that if (¢, —¢,) is the inhomogeneous contribution, a strong peak (echo) will appear at
t, =t,. The x(t; +1,)factor, which is associated with R, (¢;,4,,¢,) and R, (¢;,£,.4,), could only
peak at £, =£,= 0 (since ¢, and ¢, are positive) and will not contribute to the echo. This rules
out the direction tk, of the signal leaving +k as the only echo direction. Therefore the
polarization of any echo signal is given by Eq. (2.8).

The time arguments of E; in Eq. (2.8) can physically be justified based on the above
physical interpretation of the non-linear response function. E, occurs att=—(t' + ) and
interacts with the medium (as first interaction) at time ¢, =¢—¢, -1, —¢; and, therefore, the

time argument of E, becomes E, (¢, + r+ 7). Similarly, E, takes place at t=~t and

interacts with the medium (as second interaction) at time ¢, =¢—t, —t, and, therefore, the
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time argument of E, becomes E,(@, + 7). Finally, E; comes at t = 0 and given that the third
interaction happens at time @, =¢—¢;, so E; would naturally depend on time ¢; only as
shown in Eq. (2.8).
2.3.1 Three-Pulse Photon Echo: Dephasing and rephasing processes

Consider the stimulated photon echo (SPE) in which three short laser pulses with
wave vectors K,, k,, and k; are sequentially applied to the system. Assuming that the form
of the external field is as given in Eq. (2.7), which shows that the delay between the first (E,)
and second (E,) pulses is t’ and t is the delay between the second and third (E,) pulses.
while w; denotes the incident pulse mean frequency, vide supra. The stimulated echo., which
centers around t = 7' after the interaction of the third pulse with the material, appears in the
direction k, =k, + k, —k,. The integrated intensity of the stimulated photon echo signal,
Spi» 1s given by [8, 9]

Sy = [ dt| PO (K1) (2.10)
Q

[n the impulsive limit, the laser pulses are infinitely short, that is

E|([) = 6(901 + 7+ zJ)v
E\(0)= &g, + 1), @11
E3(t) = 5((03)9

where @, =t —t, —t, ~t;, @, =t —1, ~t;, and @; =t —{;, and well separated, and t' and t are
very large compared to the pulse widths. Thus, the lower limits of the triple-integral in Eq.
(2.8) may be replaced by —eo and , then, the integration can trivially be carried out using the

following relationship
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[ 1802 ~ ayax = f(a) (2.12)

Upon the substitution of Eq. (2.11) into Eq. (2.10), one obtains

Sop(7,17)= Tdt R, (t, . 2)+ Ry (4,7, ) (1 = 7) (2.13)
0

Note that the time dependent exponentails do not show up in Eq. (2.13) because they become
unity after taking modulus squared (e.g., |e“[*=1).

We shall now discuss how the present formalism (Eq. (9)) describes the impulsive
echo formation through the rephasing processes of the individual dipoles. The SPE
mechanism becomes governed by the response functions (Gug(z’)GL,L,( 7)G,.( z’)) and
(G“,( )G, (DG, ( z’)). Attime t=— (1’ + 1), the pulse £, = & + r+ 7') excites the system
from the electronic ground state o, (Jg)(g]) to set up an optical coherence state p,, (|g)(e|)
(a superposition state involving the ground (g) and the excited (e) electronic states). which
then evolves for a period ' as described by G, (7'). At the time t= -1, the system interacts
with E, = &t + 7) and is converted to either the electronic ground population state p,, or the
electronic excited population state g,,. These non-equilibrium population states evolve
freely under G, (7) and G,, (1), respectively, for a period t until t =0 when the system
interact with £; = &t). The third pulse prepares the system in an optical electronic
coherence again and the system emits a fourth radiation field called stimulated photon echo
from the rephasing processes governed by G, (). The form of the inhomogeneous
broadening y(t—t") indicates that the maximum of the echo isatt=1'. Fort> 7', the echo
decays exponentially with time constant T, due to electronic dephasing. The key event to
notice here is that the first dephasing of the molecules has taken place during t' and the echo

formation has reached its maximum at t = t' indicating that the third pulse has rephased the




50

molecules during t' as well. The selective elimination of inhomogeneous dephasing
(inhomogeneous broadening in the frequency domain) by rephasing processes is the essential
ingredient of photon echo experiments (i.e., the presence of two propagation periods

(G‘,&,( 7)G,.( r‘)>, in which dephasing and rephasing processes occur, respectively). It is
important to note that 7, must be long compared to 1" and t for photon echo to be observed.
The same constraint must be applied to 7;, which governs the population of the upper state.
This implies that the laser pulse must have sufficient intensity to populate the upper state
before there is any appreciable decay.

It is important to bear in mind that the remarkable phenomenon of phase reversal
after a system has been dephased by inhomogeneous broadening does not apply to
homogeneous dephasing; that is homogeneous broadening is not reversible. The reversible
character of the inhomogeneous dephasing enables us to measure the extent of the
homogeneous dephasing time contributing to the echo decay; because the part of the decay
that can not be reversed is then attributed to homogeneous dephasing. This may be better
understood when the two-pulse photon echo is discussed, vide infira, because it involves only
two pulses.

Equation (2.13) tells us that the inhomogeneous broadening is eliminated at t = 7'
(which generates the echo). However, the signal still has contribution at all times t,
the inhomogeneous broadening is not completely eliminated. Assuming that the
inhomogeneous broadening is very large, whereby inhomogeneous dephasing time compared
to all the timescales of the system, we have y(f - )~ &r — 7). The stimulated photon echo
is then

Sere( 2, D) =|Re(7, 0 7)+ R (7,07, (2.14)

whereby the inhomogeneous broadening has been eliminated completely at all times.
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2.3.2 Two-Pulse Photon Echo (PE)

We start this subsection by describing the two-pulse photon echo experiment using
the wave function approach, Bloch vector model, and, finally, the non-linear response
function; more physical insight can be gained this way because of the simplicity of the two-
pulse photon echo. For a two-pulse photon echo measurement, the first pulse (n/2 pulse)
with a wave vector K, creates an electronically coherent state of the chromophores. The
ground and excited states of all the molecules are placed in a coherent superposition states
with a well-defined phase relationships. The phase relationships are lost due to homogeneous
(pure dephasing caused by dynamical interactions of the chromophores with the
environment) and inhomogeneous broadening. After a time t', the chromophores are
subjected to another pulse (n pulse) with a wave vector k, that switches the phase associated
with each coherent superposition state by 7 with respect to that of the first optical coherent
states. This starts a rephasing process. A time t' still later (at t = 2t'), the inhomogeneous
dephasing is eliminated (by being rephased) due to the rephasing process, and a macroscopic
polarization (the echo field) is emitted by the sample in the direction k, = 2k, —k,, vide
infra. The echo reaches its maximum at t =t'. Since only the static inhomogeneous
(reversible) dephasing is rephased at t = 21, then the signal is a measure of the homogeneous
(irreversible) dephasing that has occurred between t = 0 and 2t'. For t> t', the echo decays
due to the electronic dephasing. (Again, Ty and T| must be long compared to t' for the echo
to be observed).

The PE process can be described mathematically using the wave function approach.
Assuming that, at time t =— 0, where t = — 0 is used to indicate the time just before the first
pulse arrives, the chromophores are in the ground electronic state |g) At t=0, the /2 pulse

prepares the chromophores in a coherent superposition (non-stationary) quantum state

lT(O))=%(Ig)+Ie)), 2.15)




where |e) is the excited electronic state. At time t = t' — (just before the arrival of the
pulse), the wave function, |‘P(0)), evolves under the time evolution operator as
(#-) =

[exp(~iE, ?/h)|g) +exp(~iE,? Ih)|e)] (2.16)

fol-

where E, and E, are energies of the ground and excited electronic states, respectively.

Applying the second pulse at t =1', yields

1

()=

[exp(~iE, 7' /)| g) +exp(~iE, 7 /)

¢)), 2.17)

where the phase has been reversed in the wave function. During the time interval 1, the

temporal evolution of chromophore wave function is given by

p—

[\B(7+17,)) = —=[exp(~iE,? 1h—iE, 7, | h)|g) +exp(~iE, Ih—iE,z, | h)

% )l (@18)

The polarization of the medium can be calculated by evaluating the expectation
value of the electronic transition dipole moment and is given in Ref. [12, 13]. Since an
expression for the PE process polarization will be obtained through the non-linear response
function approach, the polarization expression resulting from evaluating the expectation
value of the electronic transition dipole moment will not be given here (see Ref. [12, 13]).
For equal time intervals t| = ', the polarization of the chromophore quantum state evolves
radiating the echo field. Basically the second pulse, which acts as a phase reversing tool,

subtracts the time develupment (in the wave function phases, i.e., the exponentials) during
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the interval t' such that the chromophores arrive back at their time t =0 states at t = t' + 7.

For example, at t| = 7', Eq. (2.18) becomes

|P(@27))= —%—[exp(-—i(Ec + E,)7/h)|g)+exp(=i(E, + E,) 7 /h)

e)), (2.19)

which shows that both electronic states of the chromophores have the same phase. This is the
case for the wave function at t = 0 (just like Eq. (2.15)). As a matter of fact, setting t' equal
to zero yields back Eq. (2.15). In other words, things have been restored.

The PE process can be visualized with the help of Bloch vector model using the
construction of Figure 2.2, which shows the temporal evolution of the dipoles. The
chromophores are initially in the ground electronic state in Figure 2.2 (a), where the Bloch
vector, u, is pointing in the negative z-direction. Applying the first pulse at time t = 0 rotates
the vector u n/2 radians up to the positive y-direction (Figure 2.2 (b)). Now the molecules
(chromophores) are in a coherent superposition state, which is represented by Eq. (2.15), with
a well-defined phase. Afterward, the molecules in Figure 2.2 (c) acquire different
processional frequencies and are no longer in phase (the dipoles fan out in the xy-plane) due
to the medium inhomogeneities; the higher frequency members will be ahead in phase and
the lower frequency members will be behind in phase. The numbers label the positions of the
dipoles as to which is ahead of the other, e.g., dipole labeled "+2" is ahead the rest and "-2 "
is falling behind. Attime t=1', the molecules in Figure 2.2 (d) are subjected to a second
pulse which rotates the vector u about the x-axis ©t radians up to the negative y-direction
resulting in the reversal of the relative phases among the dipoles causing the members with
higher frequencies that are ahead an amount n to suddenly be behind n (e.g., member "+2" is
now behind and "-2" is ahead). In Figur 2.2 (e) the dipoles continue to precess about the z-
axis in the same sense so that the faster dipoles can catch up with slower ones and eventually

they add up constructively and the system rephases at t =2 7', yielding a macroscopic
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()

Bloch vector model for photon echo development. (a) For molecules initially in
the ground electronic state, the Bloch vector v consists of one component
pointing in the negative z-axis. (b) A m/2 pulse, rotates u up to positive y-axis.
(c) The individual dipoles fan out due to the inhomogeneous broadening of the
medium. (d) Another pulse rotates the dipoles n radians resulting in phase
reversal among the dipoles. (¢) Precessional motion continues about the z-axis in
the same sense such that the faster dipoles can catch up with the slower ones

allowing the system to rephase and eventually radiate an echo.
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polarization that radiates an echo field. Since the homogeneous dephasing is irreversible (not
rephased at t =2 t'), and only the inhomogeneous dephasing has been eliminated (rephased).
the echo must then decay due to the homogeneous electronic dephasing. Therefore, the echo
signal is a measure of the extent the homogeneous dephasing (homogeneous broadening in
the frequency domain) betweent=0and 2 t'.

The two-pulse photon echo (PE) is a special case of the SPE in which pulses 2 and
3 are coincident (k, =k,). The PE signal, S, is generated in the direction k, = 2k, -k,

and it is obtained by setting E,(t) = E,(t), o, = w;, k, =k;, and =0, i.e., Eq. (2.13) gives

Ry(2,0,2)+ Ry (7.0, (e - 7), (2.20)

Spe(2)=[dt
1]

and very large inhomogeneous broadening, y(r - 7')~ &t - 7'), Eq. (2.20) yields

Spe(7)=|R(2,0,7)+ Ry (7,0, 2.21)

2.3.3 Dynamical Considerations

A 4-point correlation function, (7, 7,, 73, 7, ), for a system whose modes are both
linearly and quadratically coupled will be calculated in Chapter 4 using the excited state
vibrational Hamiltonian, H,, in Eq. (1.57). The associated R, (¢;,f,,,) and R; (¢5,4,,4,) can
be obtained from F(z, 7., 7;, 7,) using Eq. (4) of Chapter4. F(r, 1,13, 7,) and its
associated R, (t,,t,,¢,) and R, (¢;,4,,4,) for only linear coupling can then be obtained by
setting ®' = ©". Our attention here will be focused on linearly coupled modes only. The
response functions can be calculated from the line broadening function, g(s;7"), which is a
complex quantity. As Fleming and co-workers [26] point out, the real part of g(#;7)

describes the line broadening via fluctuations , while the imaginary part describes the longer
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time dynamics such as spectral diffusion. g(¢;7') is as important in non-linear spectroscopy

as it is in linear measurements. In linear spectroscopy, the correlation function is (Eq. (1.38))

J (5T), = expl~g(t:T) - i1}, (2.22)
while in non-linear spectroscopy the photon echo correlation functions, vide supra, are
Ry (15,05, )= exp[~iQ(t; - 4)) - g" (1 T) - g (13 T) +
8(ty:T) - gty +15;T) = g' (h + 1 T)+ g (0 + 1y + 433 T)],
(2.23)

Ry (15,05,1) = exp[-iQ(t; =) ~ gt T) - g™ (1:T) +
g (tyT)-g (L +t3T)-g (L +t3T)+ 87 (4 + 4, +133T)].

Equation (2.23) can account for structural and dynamical information (e.g., pure electronic
dephasing, quantum beats and spectral diffusion) about the system. In order to obtain this
valuable information, one need to use the appropriate g(¢;T). Currently, we are aware of
four mathematical forms of g(¢;T) with each form operating at a different level of physical
sophistication: One form was given in Eq. (1.59b) and requires a simple damping constant in
order to calculate spectra. Although it is unphysical because it yields a spectrum with a ZPL
carrying a width that depends on the phonons damping ), it shows a reasonable structure
for the vibrational progression members. Another form of g(¢;7") was obtained by Mukame!
and co-workers using the multi-mode Brownian oscillator (MBO) model (see Chapter 8 of
Ref. [8]). The MBO model has an advantage because it assigns different damping constants
to different modes, and provides folding of the progression members which takes place in
mixed crystals at liquid helium temperature [49, 50]. However, it yields the incorrect
homogeneous width and intensity for the ZPL. (See Appendix A on p. 146 for more details.)
The third form was obtained by Osad'ko [11, 13, 14]. Although it does not seem to have any
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damping constants, it is set up such that the electronic pure dephasing can easily be taken into
account by applying a damping constant, y,,, for the homogeneous broadening of the ZPL
and a damping constant, y;, for damping of the phonons. The last form, which we have

developed (see Eq. (25) of Chapter 3), is given by

gt;T) =y, (D)2 + S, {coth(fha /2) -

¢ [coth(Sh @;/2)cos(a ) - isin(w N},

7~

2.24)

where the first term is the electronic part, g(+;T)*, and the second one is the phononic
contribution, g(£;T)™, see Sec. IIB of Chapter 3 for more details. However, Osad'ko's and
ourg(s;T) provide the most physical spectral or temporal profiles. As can be seen from Eq.
(2.24), at high temperature g(+;T) is dominated by its real part. The imaginary part of
g(¢:T) is independent of temperature and , therefore, it dominates at low temperature. In the

limit T — 0 K, g(¢;7) becomes

gW)=y lt12+8,(1- gy (

1o
o
L9/}
p—

Suppose that g(t) =y t, for illustration, which can be substituted in Eq. (2.14) to

obtain S,

Sy(77) =exp(-4y 1), (2.26)

where ¥ is just a simple damping constant that measures half-width at half maximum
(hwhm). Equation (2.26) shows the decay of the SPE signal at large t' and that the echo
drops to 1/e of its initial value at t =T,/4 (y=1/T,) [51]. This implies that the optical pulse

should be shorter than T,/4 to time resolve the echo decay. Equation (2.26) is a common
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expression used by experimentalists to fit their data to obtain the slope which represents the
depahsing time. Substituting Eq. (2.23) into Eqgs. (2.13) or (2.14) yields the whole SPE
profile that accounts for pure electronic dephasing, quantum beats and spectral diffusion.
While the period ' measures the fast dynamics (electronic dephasing), t reflects longer time
population dynamics and spectral diffusion (time dependent spectral shifts), vide infra.
Normally, the electronic dephasing rate can be extracted from the slope of the echo
signal as a function of t' [S1, 52, 53]; alternatively, if the echo decays within the time
resolution of the experiment, the dephasing can be obtained from the echo peak shift [26. 31,
54, 55]. The echo peak shift in a SPE signal is a measure of the difference between the signal
decay on the rephasing side and that non-rephasing side. Thus the peak shift reflects the
extent of the system ability to rephase (to generate the echo), i.e., the system's ability to retain
memory of its electronic transition frequency after spending time, t, in a population state. As
Mukamel and co-workers point out [37], during the delay period t (waiting time), the
spectrum changes (both shifts and broadens) due to nuclear diffusive motions that are slow
compared with the inverse line width, and that change the inhomogeneous distribution of the
nuclear configurations. This time dependent process is called spectral diffusion [2-4, 6. 7,
28, 56-58] in which the linewidth changes with time. Spectral diffusion processes that occur
during t change the dephasing rate due to the change of the chromophore environment.
During the time period t, vibrational coherences may be observed (i.e., quantum beats) in the
ground or the excited states and pure population relaxation in the excited state. This period
represents the nuclear motions in an electronic state (see Eq. 2.27)) where the system does
not acquire any phase and therefore no dephasing processes can take place during t (t is
equivalent to t,, where only nuclear dynamics may be probed). The absence of nuclear
dynamics during ' makes it impossible to probe population dynamics and spectral diffusion (
1’ is equivalent to t; and t; intervals, where only dephasing processes can be measured, vide

supra). The fact that the diagonal Green's function, G,,, (f,), governs the time evolution of
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population states during t, indicates that only nuclear motions may be studied. This can be

seen from the mathematical structure of G, (t,),
G, (t)=exp(-if t | h)Aexp(iH .t/ k). (2.27)

Equation. (2.27) is a clear representation of one nuclear Hamiltonian of an electronic state (g
or e) and therefore only vibrational states can be probed. For applications of measuring
population dynamics and spectral diffusion using non-linear response functions in SPE
experiments see [8-10, 17, 26, 31, 37, 38].

In a PE experiment, pulse 2 coincides with pulse 3 (t = 0) and thus the PE signal
does not contain contributions from shift in energy of the excited state (i.e.. population state)
resulting from Stokes shift or spectral diffusion ( because the response function, in the
impulsive limit, becomes (G“,( 7)G,.( z‘)) and (G‘,g( )G, (7 )>, in which dephasing is right
followed by a rephasing process without a waiting time (t) to allow for longer time dynamics
to take place). On the other hand, the SPE contains the t (the coherence information storage
interval) interval that can be utilized to probe energy shift of the excited state, vide supra.
(The reader is reminded that while pure electronic dephasing processes do not involve energy
change, clearly population relaxations do).

The impulsive PE signal with finite inhomogeneous broadening can be calculated

using Egs. (2.20), (2.23), and (2.24). This yields

Spe(73T) = [ drexpl-w(c ~2)'] 029)
. 22

x exp{-2Re[2g(1:T) +2g(#:T) - g(¢ + 73T},

where a Gaussian distribution has been used for the inhomogeneous broadening with w2

being the variance. Note that only the real part contributes to the PE signal. Equation (2.28)
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accounts for inhomogeneous dephasing, electronic dephasing (homogeneous broadening of
the ZPL), and quantum beats, vide infra. Equation (2.28) generates a PE signal with an
initial fast non-exponential decay that reflects the PSB contribution, periodic vibrational
oscillations (quantum beats) signifying the coupling between nuclear motions and electronic
coherence (interference between the ZPL and the multi-phonon transitions), and a slow
exponential decay component due to the ZPL, vide infra. See Figures 3, 4, 5, and 6 of
Chapter four for examples.

Quantum beats constitute the simplest example of quantum mechanical interference.
When two levels are excited coherently and emit to a common final level, the emission
spectrum oscillates with the two-level frequency. For example, suppose that the molecules
are excited to a superposition of two closely spaced levels |a) and |c) by a pulse. One then
observes that the emission intensity is modulated at the splitting @_, and varies periodically
with the frequency @, (for examples of quantum beats showing up in spectroscopy see Refs.
[8-10, 12-14, 18-20, 29, 33, 38, 51-55, 59]). (Shank and co-workers [51] performed
femtosecond echo experiments where quantum beats were due to the coupling of the nuclear
motions to the electronic coherence between two electronic states). Quantum beats in time-
domain experiments correspond to Franck-Condon progressions in the frequency-domain.
Several examples of quantum beats showing up in two cases will be given in Chapter 4. The
first case illustrates an impulsive SPE signal, which involves both linearly and quadratically
coupled mode, due the vibrational frequency change upon electronic excitation which leads
to a superposition of waves of two different frequencies, which gives rise to quantum
mechanical interference (beats) with intensity that varies periodically with the frequency
difference. The second case has to do with impulsive PE signals for only linearly coupled
modes, where the quantum beats appear as underdamped vibrational oscillations, due to
quantum mechanical interference between the ZPL and the multi-phonon transitions with

intensity that varies periodically with the mode frequency w; modulated by the ZPL
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frequency Q (basically, the periodic position of the fundamental transition and its overtones
in the frequency-domain). [fQ is set equal to zero, then the quantum beats are periodic only
with the mode frequency @;. This quantum mechanical interference between the ZPL and
the underdamped vibrational frequencies can easily be seen by using Egs. (2.29) and (2.25) as

follows:

J (1) = exp[=iQt = p 1|12+ (1= "]
= exp(—iQt)exp(-=S, = y,111/12)D_ S/ exp(~ima t - my ;|1|/2)/ m!
m=0 (229)
=exp(=S; = ¥, |11/2){exp(~i€%) + S, exp(~i(Q2+ @, )t — y |1]/2) +

l on . 1 . n
2—!S; exp(—=i(Q+2w; ) - 7,lH) +-3—!Sfexp(-—z(£2+ 3w, ) =3y |M12)+ -,

where the first term shows the frequency of the ZPL, and the terms thereafter show the
frequencies of the fundamental peak and its overtones modulated by the ZPL frequency.
which gives rise to quantum beats (Franck-Condon progressions in the frequency-domain)
due to electron phonon coupling.

One can see what happens to the beats when the nuclear motions (phonons) are

decoupled from the electronic transition (ZPL) by setting S; =0 in Eq. (2.29), J (¢) becomes
J (t)=exp(~iQt -y, |t1/2). (2.30)

Equation (2.30) tells us that the beats have vanished and the ZPL represents the entire profile.
Fourier transforming Eq. (2.30) yields a single-site absorption spectrum with one sharp band
which is the ZPL with FC factor e™ =1

The mechanics that have been carried out in Eq. (2.29) should provide an insight

about how the ZPL frequency modulates the mode frequency @; and its multiples. Of
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course, in order to get the whole PE signal one needs to go through Eq. (2.28). However, PE
decay measurements are linear absorption measurement hidden underneath a broad
inhomogeneous distribution, and the homogeneous optical band is related to the PE signal
[11, 13, 14,29, 60] in which each component of the absorption lineshape is related to the
temporal behavior of the echo decay function over the relevant time scales [11, 13. 14, 19,

20].
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CHAPTER 3. OPTICAL RESPONSE FUNCTIONS FOR CONDENSED
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ABSTRACT

Understanding the similarities and differences between optical coherence loss of
electronic transitions of chromophores in glasses and in the glass forming solvent requires, in
part, linear response (2-point correlation) functions, J(t;T). An approximate excited state
vibrational Hamiltonian (H,) which accounts for both linear and quadratic electron-phonon
coupling is derived that is acceptable for mode frequency changes smaller than 30%. The
associated linear response function for the case of no damping is obtained. A response
function that includes damping is proposed for systems whose modes are either linearly or
quadratically coupled. It is the product of three response functions, two of which are
phononic and associated with linear and quadratic modes. The third response function is
electronic with a dephasing frequency v, that is the width of the zero-phonon line. The total
response function yields single-site absorption spectra in which folding of the widths of
multi-phonon and sequence transitions occurs. Applications of the new response functions
are made to the temperature dependence of single site absorption and hole-burned spectra of
the special pair band of the bacterial reaction center and the temperature dependence of the

single site absorption spectrum of Al-phthalocyanine tetrasulphonate in glassy ethanol.
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I. INTRODUCTION

Recently, there has been considerable activity in the use of femtosecond photon echo
spectroscopies to study how nuclear (vibrational) motions lead to coherence loss of optical
transitions of solute chromophores in liquids at room temperature.!-12 Of particular interest
has been the role of inertial (librational) intermolecular modes ("phonons") which couple
linearly to the electronic transition and lead to optical dephasing on a timescale shorter than
1 ps. (Such modes lead to multi-phonon transitions in the S|«S; absorption spectrum.) One
reason for this interest is that the inertial modes may set the stage for longer timescale, larger
amplitude nuclear solvent dynamics which are the rate limiting step in condensed phase
electron-transfer reactions. The multi-mode Brownian oscillator (MBO) model!3-15 has
often been used in interpretation of the data. In this model the linearly coupled modes are the
primary BOs which, along with the bath oscillators, are taken to be harmonic. The coupling
between a primary BO and the bath modes is linear in the BO displacement which results
from electronic excitation of the chromophore. This coupling gives rise to a damping
constant, (@), for BO j of frequency w;. This gives rise to an effective frequency-dependent
damping (v;(@;)) for the jth BO where the frequency dependence arises from the spectral
distribution of the BO’s coupling to the bath oscillators. yj(w) enters into the optical response
function (see p. 227 of ref. 15). In applications of the MBO model the frequency dependence
of y; is commonly neglected which amounts to a white spectrum for the bath (known as
Ohmic dissipation). In the case of underdamping (y; < @;), this leads to a width for the zero-
phonon line (ZPL) of 28;(2 i+ 1)y j, where S; is the Huang-Rhys factor and 1i; the thermal
occupation number of BO j. Thus, incorporation of pure electronic dephasing associated
with the width (y,) of the ZPL in realistic host media at low temperatures requires different
mechanisms that cannot be represented by the MBO model.

As discussed in refs. 16,17, hole burning and photon echo spectroscopies have been

used to study pure electronic dephasing of the ZPL of chromophores in glasses and polymers
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at low temperatures since the early 1980s (see refs. 18,19 for reviews). At temperatures
lower than about 10 K the homogeneous width of the ZPL is determined by the tunneling
dynamics of the bistable configurations or two-level systems of the glass. Above about 15 K
the dephasing is dominated by quadratic electron-phonon coupling of the type identified
earlier for chromophores in host crystals. The studies of the ZPL in glasses and polymers led
to three important findings. The first is that the exchange coupling dephasing
mechanism,20:2! which stems from diagonal quadratic electron-phonon coupling, often
accounts for the homogeneous width of the ZPL at higher temperatures. This coupling leads
to a change in the frequency of a pseudo-localized phonon upon electronic excitation of the
chromophore. The second finding is that these dephasing phonons are Franck-Condon (FC)
inactive, i.e. exhibit negligible linear electron-phonon coupling. The third finding is that the
linearly coupled modes responsible for multi-phonon transitions appear to be infrequently
involved in pure electronic dephasing. The last two findings suggest that the system phonons
can often be divided into two subsets, one associated with linear coupling and the other with
quadratic coupling. The most detailed studies which support the above findings involved
spectral hole burning experiments on Al-phthalocyanine tetrasulphonate (APT) in
hyperquenched glassy films of water, !6 ethanol and methanol!7 which were performed over a
very wide temperature range, 5- ~ 130 K. In the case of water, the exchange coupling modes
correlated with the 50 and 180 cm~! transverse and longitudinal acoustic modes of liquid
water. For ethanol, the exchange coupling mode frequency is ~ 50 cm~1, close to the first
maximum in the spectral density of liquid ethanol. High resolution hole-burned spectra
proved that these modes exhibit little if any FC activity. For water, ethanol and methanol the
FC activity by intermolecular modes is dominated by phonons at 38, 26 and 17 cm~1,
respectively. They were assigned as modes mainly associated with APT librational motion.
In the case of glassy water, characterization and determination of the electron-phonon

coupling parameters (including the Huang-Rhys factor and shape of the one-phonon profile
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for the linearly coupled mode at 38 cm~!) and static inhomogeneous broadening associated
with the pure electronic transition at lower temperatures led to calculated hole burned spectra
for higher temperatures in good agreement with the experimental spectra.16 The frequency
domain hole burning theory of Hayes et al.22-24 was used for the calculations. The results
indicate that the above inhomogeneous broadening is constant over the temperature range
used in the experiments. Given the good agreement, the same experimentally determined
parameters were used to calculate the width of APT's origin absorption band in water at room
temperature. The value of 500 cm~! obtained differs by only 10 cm~! from the experimental
value, It was suggested that the combination of temperature dependent hole-burning and
photon echo studies above and below the glass transition of the solvent should provide new
insights on optical coherence loss of chromophores in liquids (see also refs. 25,26).

We present here linear response or 2-point correlation functions. J(t;T), which do
yield single-site absorption and hole burned spectra at finite temperature that describe the
essential features of experimental spectra. (The harmonic approximation is assumed for the
optically active modes.) The response functions are appropriate for modes which are
underdamped, y; < @ j.27 The cases of critically damped and overdamped modes are treated
in Chap. 8 of ref. 15. The case of linear electron-phonon coupling is considered first. The
form of J(t;T) yields, for example, widths (fwhm) of ye(T) + 0 yj(T) for members of the cold
absorption progression (n;=0,1,...) associated with mode j with y((T) the contribution from
pure electronic dephasing. The linear dependence (folding) on n; is valid for any relaxation
mechanism of the active phonon that is linear in its coordinate. [nsofar as the temperature
dependencies of .| and y; are concerned, one need consider different mechanisms and feed
their T-dependencies into J(t;T), which is standard procedure. J(t;T) or, equivalently the
lineshape function g(t;T), allows for straightforward evaluation of the 4- and higher-point
correlation functions associated with photon echo spectroscopies. Next, we consider the case

where the active modes exhibit diagonal quadratic electron-phonon coupling which results in
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mode frequency changes upon electronic excitation of the chromophore. An approximate
excited state vibrational Hamiltonian, He, is derived which is shown to be adequate for a
mode frequency change smaller than about 30%. (Off-diagonal quadratic electron-phonon
coupling or the Duschinsky effect is neglected since it is expected to be unimportant for
strongly allowed electronic transitions of dye molecules.28 Such a change may be considered
to be large for low frequency modes of condensed phase systems. An expression for the
linear response function is derived for the case of no damping. A linear response function
with damping is given for a system whose modes are either linearly or quadratically coupled
(see preceding paragraph for motivation). The response function is the product ot three
response functions, two of which are associated with a phononic contribution, one from
linearly coupled modes and the other from quadratically coupled modes. the third response
function is associated with pure electronic dephasing.

Applications of the new response functions include the single-site absorption and
hole-burned spectra of the special pair band of the bacterial reaction center which previous
studies had shown to be characterized by linearly coupled modes at 30 and 120 cm~! 29 and
the temperature dependence of the single-site absorption spectrum of Al-phthalocyanine

tetrasulphonate in glassy ethanol.

I1. THEORY AND CALCULATED SPECTRA

A. Approximate excited state vibrational Hamiltonian H, and linear response
function J(t;T) with no damping.
Consider absorption from the ground electronic state (g) to an excited electronic state
(e) and let 0" and ©' be, respectively, the ground and excited state frequencies of a
vibrational mode. Let q be the dimensionless normal coordinate of this mode for the ground
electronic state. It is related to the mass-weighted coordinate, Q, by q = (0"/#)1/2Q.

Similarly, we define d as the dimensionless translational displacement between the potential
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energy minima of the two electronic states. For linear and diagonal quadratic electron-
phonon coupling the excited state vibrational Hamiltonian is given exactly by30
ho" 5 2,42 2.2
H,=H,+ , T(re =g~ +2r-qd +r-d°1+hQ,

§ (1)

where r = (0'/@"). AQ is the adiabatic electronic energy gap. The r2d? term multiplied by fw

"/2 is the optical reorganization energy. Thus,

Q,=Q+0"r*d*/2, )

where Q, is the vertical (Condon) frequency gap. When o' = ", the optical reorganization
energy is S@", with S = d2/2 being the familiar Huang-Rhys factor. In Eq. (1), Hg is the

vibrational Hamiltonian for the ground state:

Hg =ho"(aa+1/2),

with a* and a the raising and lowering operators for the ground state, i.e. q =2-12(a* + a).
For a multi-mode system one need only sum Eq. (1) over all modes. When dealing with
fluorescence or resonance Raman, one should interchange e and g, ©' and " and associate q
with the normal coordinate of the excited state (e.g. d would now equal (w'/#)AQ rather than (
®"/h)AQ). The reader is referred to ref. 31 for further (and simple) discussion.

Exact solutions to the problem of determining the Franck-Condon factors associated
with Eq. (1) have been available for many years.32-35 Thus, calculation of "stick" linear
absorption spectra, (), is routine. One can introduce shapes to the sticks and calculate the

temperature dependencies of the integrated absorption intensities of the vibronic (phononic)




transitions. However, doing the equivalent of this in the time domain with Eq. (1) is both
difficult and impractical, especially when one is interested in nonlinear spectroscopies such
as the 2-pulse and 3-pulse stimulated photon echo since they involve 4-point correlation
functions. It is essential, therefore, to approximate Eq. (1). In what follows we derive an
expression for He which is adequate for r 2 0.7 (without loss generality we take ©' <w®").

Our approach involves a first-order Taylor series expansion of the r2 — 1 and r2 terms
in Eq. (2) about r = 1 (e.g., r2—1 =~ 2r-1). When it is recognized that Hg of Eq. (3) is exactly
equivalent to

= ' + - nee + e o)
H, =ho'(a"a+1/2)-ho"(r-Na"a-ho"(r-1)/2, @)

it follows easily that

H, = fzw’[(a*a + %) +(2=r"Yd(a* +a)/ \/5+(2-f"')d3/2]+ﬁ£2
B (5)

when the term 2-! 1 0'(1 — 1) (a*2 + a2) is dropped. [t is the elimination of this term that
leads to the desired simplification. The (a+? + a2) operator brings intensity, in first order, to
phononic transitions for which the quantum number n changes by £2. However, the
contributions from that operator to such transitions which carry sufficient intensity from

linear coupling to be relevant to linear and nonlinear optical experiments are small for

r 2 0.7. The effect of the (a+2 + a2) operator on transitions for which the quantum number
change is odd is also small for such r-values (see below for supportive results). The vertical

transition frequency from Eq. (5) is

' -1y 2
Q, =Q+0'@-r")d?/2 )
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The most important effect from quadratic coupling for systems of the type we are interested
in has to do with sequence structure in the absorption spectrum, i.e. n" =n' transitions which
carry different frequencies, one result of which could be beats in photon echo decays. The
relative intensities of such transitions depend, of course, on temperature. [mportantly. the
expression for He given by Eq. (5) retains the sequence structure.

We turn next to the two-point correlation function J(t) whose Fourier transform yields
the linear absorption spectrum. [n the Heisenberg picture, !5

ithgt!h

J(1) = (" v(g)e ™M vig) o )

(7

with pg = exp(~pHg)/Tr{exp(-BfHg)], B = (kT)~1. <> denotes quantum mechanical trace
(Tr) over the nuclear degrees of freedom. Because we are in the Heisenberg picture, the
electronic transition dipole moment operator v(q) is time-independent. [n the Condon
approximation, which we employ,36 the dependence of v on the vibrational coordinates q is
lost, i.e. v(q) = v(0), a constant whose magnitude squared contains the square of the pure
electronic transition dipole. Setting [v(0)|?> multiplied by other constants equal to { for

convenience, we are left with

to evaluate with Hy and He given by Eqgs. (3) and (5). In doing so we employed coherent
states for the phonon field rather than number states. The reader is referred to refs. 39-42 for
discussions on advantages gained in utilization of coherent states as a complete basis set.

Appendix A reviews some basic properties of coherent states, including their evolution under
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the time-evolution operator. We mention here only that a coherent state |z) isan

eigenvector of the non-hermitian lowering operator a,

alz) = z|z), 9)

where the eigenvalue z can be complex, that |z) can be expressed as a superposition of

phonon number states and that coherent states obey a special type of closure relationship:

1 2
; J.d - (ZIZ) _l’ (IO)

where d2z = d(Re z) d(Im 2). [t is the elimination of the a+? and a2 operators from H, that

allows for relatively straightforward evaluation of J(t;T). The result is*3

1 22 iH /R j
. = o8 )—lﬁrl/h -

(11)
c( 1 ) [ > ]
=—| —|exp| =+ f3
where Q = Tr(exp(—BHg)] is the canonical partition function,
0 =[2sinh(Bro" )], (13)
and
— -Bhe"2 —i(@'-0")}/2 ~iQyut
C=e e e™ (14a)
fl = l—eﬁhm +i{0"-') (14b)
£ =8 e—Bnm"ﬂ‘m"t ( e—im'l _1)2
170 (l4c)
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=870t +Syp (7" =1), (14d)

The derivation of Eq. (12) leads to Sesr = (2-r~!)2d2/2 which contains a term of higher order
than should be retained. For this reason and because the first term of Eq. (14d) should cancel
out the contribution to Q,, from the optical reorganization energy in the last exponential of

Eq. (14a), we use in what follows

Sy =@-r"d* /2.

(15)
With this equation and Eq. (6), Egs. (14a) and (14d) become
CEe—ﬁﬁm"/Z e-i(m'-m")l/l e-in (142
and
_ -i0't _
f}:Seﬂ'(e 1) (14d),

At this point it is important to establish the reliability of J(t;T) as given by Eq. (12);
i.e., one need check the Franck-Condon (FC) factors. The easiest way to do this is to Fourier

transform J(t;T) to obtain the linear absorption spectrum:

1 )
o(w;T) =5 J(;T) ™ dr

é‘—mg

(16)

The result is (Appendix B):
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€0 0

q
O'(OJ,T) = 2*1(1_(3—[”1(1)") e'sc[/ Z (Seﬂ) Z e—ll"ﬁﬁm" "'

!
q=0 T n"=0

wom 4 Seﬂ" )" (2m)'e,
_nym+f n=2m
x 42 PIRC e (1) (=)t (m + €)! (m— )1

m=0 ¢=0

x[3(@ —f0') +3(d + lw")] (17)

where €, is the von Neumann symbol (€, = 1,g,=2 for £2 1) and

O =0-Q~qo'+o"-0")(n"+1/2). (18)

Segr is defined by Eq. (15). In Eq. (17) n" is the initial state quantum number of the
absorption transition. We performed calculations which confirmed that Eq. (17) and the

- numerical Fourier transform (FT) of Eq. (12) yield identical spectra. Franck-Condon factors
for n"—n' transitions can be obtained from Eq. (12) by setting the value of n" and the value
of w for the n"—n' transition of interest. One then sets the (1 - exp(-B#w™)) and exp(-n"p/
o") terms equal to unity and adds the terms in Eq. (17) whose delta functions give the correct
w-value. All appropriate delta functions are then set equal to unity. This procedure is
somewhat cumbersome for hot transitions. For cold transitions, n" =0, it is simple because q
in Eq. (17) is n' and m and ¢ are zero. Table [ compares our approximate FC factors for a few
transitions with the exact FC factors calculated using harmonic oscillator wavefunctions with
Mathematica 2.2. (We confirmed that, for pure linear coupling, Eq. (17) gives FC factors in
exact agreement with the values calculated using the latter method.) The results given in
Tables [ and II are forr=0.7 and 0.8 and S =0.8 (Table ) and 2.0 (Table II) with S =d2/2.
Sefrin Eq. (17) is determined using Eq. (15). Overall, the agreement between the

approximate and exact FC factors may be said to be quite satisfactory. (The agreement for
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r = 0.8 is better than for r = 0.7.) As expected, the agreement for small FC factors worsens.
However, the associated transitions would contribute relatively weakly to the absorption
spectrum. Furthermore, for small FC factors anharmonic or even Duschinsky contributions
to the intensities can be expected to be non-negligible. Also included in the tables are
approximate FC factors calculated using the bottom equation on p. 121 of Englman35 which
is restricted to cold transitions. We conclude that forr 2 0.7, the excited state vibrational
Hamiltonian given by Eq. (5) for linear and quadratic coupling is a useful approximation for
condensed phase phononic transitions which contribute significantly to the absorption
spectrum. Condensed phase systems which exhibit r-values smaller than 0.7 for the

intermolecular modes should be rare.

B. A Linear Response Function for a Multi-Mode System with Linear Electron-
Phonon Coupling

The response function for the case of linear coupling only is obtained from Eq. (12)

by setting ©' =®". For the multi-mode system
Jo(6;T) = exp[-g(6;T)], (19)
where the line-shape function

gt =) gD, 20)
J

with j labeling the mode and

g, = Sj[coth(Bi‘m);~ /2) (1 —cos(® }t)) +1i sin(® ;-t)] . @n
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Equation (21) is a well-known result (for convenience we set the adiabatic electronic energy
gap, Q, equal to zero). Since damping isn’t included, the FT of J,(t;T) yields an absorption
spectrum consisting of delta-function peaks, see Eq. (17). The problem, therefore, is to
introduce damping(s) in a way that yields physically acceptable spectra.

The linear response and lineshape functions which follow stem from our study of the
consequences of the MBO model (see Chap. 8 of ref. 15) for linear absorption and hole

burned spectra (unpublished results). We propose a phononic contribution to J,(t;T) of the

form
TP (:T) = expl-g” (5T, (22)
where
g"en=Y, g7 (23)
J
and

gfl' BT =S, {coth(tho i12) ~ e T [eoth(Bho ;1 2)cos(w ;1) —isin(w ;1)];. (24)

Here, y; is the damping constant of mode j and S; and w; are its Huang-Rhys factor and
frequency. The FT of exp[-g?h (t;T)] yields a delta-function lineshape for the ZPL and, for
example, widths (fwhm) of n'j v; for the “cold” phonon transitions, nJ =0 n'j = L..., vide

*

j is expected for a decay mechanism of mode

infra. The linear dependence of the width on n
j that is linear in its coordinate. Let y,) be the actual width of the ZPL. The response

function

.61 = I T - I ), (25)
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with J0"(t;T) given by Eq. (22) and

J (1 T) = exp(=y o (D112), (26)

yields a ZPL with a width of y.. (We remind the reader that the temperature dependencies of
Ve and the v;’s depend on the mechanisms of dephasing.) For the nJ =0- n'j =0,lL...
progression, the widths of the members are y, + n} 7. Clearly the addition of y¢ to the
widths of the cold multi-phonon transitions has a physical basis.

The FT of Eq. (25) for mode j is (Appendix C):
S esch(Phw ; / 2))m+2£

0T (m+ € +1)20m20

o (@ ;;T) = exp[-S, coth(Bho J./z)]z Z (

m=-x =0

exp(mBho ; /2)

(27)
(ye, +(m+2£)yj) /2n

(o —m(oj)?' +((ye, +(m-i-.’2£)yj)/2)2

b2

where [ is the gamma function. This equation describes the absorption spectrum associated
with mode j. As expected from Eq. (24) and Eq. (26), the last term in Eq. (27) leads to
Lorentzian lineshapes for all bands. Unfortunately, the complexity of Eq. (27) does not lend
itself to ready visualization of the absorption spectrum. The presence of (m+2£)y; in the
Lorentzian suggests that there can be negative contributions to cj. However, the properties of
the " function are such that ['(m+/+1) = £ oo for (m+2¢) < 0 so that negative contributions do
not arise. Figure | shows a spectrum calculated with Eq. (27) for ; =25 em~L, Sj=18,y
i=3 cml, vy =1 cm~! and T=50 K. The spectrum calculated by taking the numerical FT

of the response function is identical. The sharp ZPL appears superimposed on the broader
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(1,1) and (2,2) transitions. The effects of folding, which lead to larger widths for higher
quantum number transitions, are also apparent. Further discussion of folding is given later.
[n Appendix C we show that with v =y; = 0, one recovers the well-known frequency

domain result (see, e.g., Eq. (8.43) of ref. 15):

xRN

Pho
G (0;T)=exp| —-S; cot exp(mphw ; /1 2) {,(z,)o(® -mo ;),
@7 S coth| || D exp(mBha /2) Iy (z,) 8w ~mo )

ms~w (2 8)

where z, = S; csch(Bfiw;/2) and [;(z,) are modified Bessel functions. We have also proven
that43 Eq. (27) is mathematically equivalent to Eq. (17) of Hayes et al.,24 an equation whose
structure is quite different than that of Eq. (27). In that paper, Eq. (17) is the basis for a

frequency domain theory of hole burned spectra. By setting coth(BAw;/2) = 1 in Eq. (24) and
taking the FT of T,(t), Eq. (25), one obtains for the T = 0 K spectrum:

= S7 (Yo +my ;) 2m
cj(m)=exp(—Sj)Z —j—' " / , (29)
m=(0 n (D"mmj)-'*'((Yel +ij)/2)

with { } a normalized Lorentzian with widths given by

(fwhm)y =7 +my ; (30)

for the progression members, m=0,1,.... Here, the nature of the folding is clear and one has
the desired result that y,|, from pure electronic dephasing, adds to the widths of the multi-
phonon transitions. Equation (27), with its Poisson distribution for the Franck-Condon
factors, can also be obtained starting with Eq. (27). The derivation is quite lengthy and will

be given elsewhere.43
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In summary the postulated response function T, t; T) of Eq. (25), with J ‘;“ and Je!
defined by Eqs. (22) and (26), leads to a frequency domain expression for the absorption
spectrum, Eq. (27), which yields physically reasonable spectra, as will become more
apparent. Thus, single site absorption and hole-burned spectra at finite temperature can be
conveniently calculated by numerically Fourier transforming 3‘[ (t;T), see subsection D. As
written, Te (t;T) yields Lorentzian lineshapes for all transitions. The modifications necessary

to introduce different lineshapes are discussed in the final section of the paper.

C. A Linear Response Function for a System whose Modes are Either Linearly or
Quadratically Coupled

As pointed out in the Introduction, there appear to be a number of systems of
chromophores in amorphous solids where modes are either linearly or quadratically coupled.
We consider first pure quadratic (q) coupling. The linear response function for the case of no

damping is given by Eq. (12) with S set equal to zero. Guided by the mathematical

insights gained in the development of Te (t;T), Eq. (25), we were led to the following
expression as a potentially useful response function which includes damping (dephasing) of

the phonons and pure electronic dephasing (ve)):
T, (1) = I T)- I (D), (31a)

with Jel defined by Eq. (26) and the phononic (ph) contribution to the response function given

by

swren=11 2en, G1b)
;

with
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_ e—Bnm; ) e—i(m',—m; )e/2

(1
JPh Ty = — .
q.J - e—pﬁmj —f'(m_l--mj)l—yjll[/2 (3 IC)
The FT of Eq. (31) yields a delta-function line shape for the ZPL (n'Jt =0-> n'j =0
transition) and widths for the nJ — n'j = nJ sequence transitions of
(fwhm)rz;- = rzj yj;n;- =12,..., (32)

where v; is the width of the nJ =l- n'j =1 transition. For the sake of brevity we do not
give the proof of Eq. (32), but see discussion of Fig. 2, vide infra. The FT of J gf}(t; T)
multiplied by JEl(t:T) (Eq. (26)) yields a width of Yei for the ZPL defined above.

Equation (32) becomes

(fiwhm) =y, +n;y;5n; =0L,.... (33)

With the results of this and the preceding subsection, the response function for a

system whose modes are either linearly or quadratically coupled can be written as
T D =J DI 6T - I (), (34)

with the three terms on the R.H.S. defined by Egs. (22), (31b) and (26). Equation (34) is the
main result of this paper. Figure 2 shows the absorption spectrum calculated by taking the
numerical FT of Eq. (34) for a model system consisting of one linearly (¢) mode and one
quadratically (q) coupled mode. For the former, », =200 cm~!, S, =0.70, y,=35 cm~! and

for the latter, © , =50 cm~!, ©, =35 cm~! andy, =2 cm~L. ¥, is set equal to 1 cm~! and
q q q Yel q

T =100 K. The location of the ZPL at — 7.5 cm~! is a zero-point energy effect due to the




83

quadratically coupled mode. The width of the ZPL in Fig. 2 is 1 cm~!, as expected since y
¢l = | cm~!. The measured widths of the (1,1)q and (2,2)q sequence transitions to the left of
the ZPL are 3 and 5 cm~!, in accordance with Eq. (32). The cold (1,0), transition due to the
linearly coupled 200 cm=! mode carries a width of 5 cm~!, in accordance with Eq. (30). To
the left of the (1,0), band are the sequence transitions due to the quadratic mode. The
measured width of the band to the immediate left of the (1,0), band is 7 cm~!, which is the
sum of yo; = | cm~! and the phononic contributions to the widths of the (1.1)q and (1,0),

transitions.

D. Application to Real Systems

The lowest energy (S,(Qy) «- Sq absorption band of the special BChl a pair (P) of the
bacterial reaction center has been investigated in detail using hole burning spectroscopy.29#4
For Rb. sphaeroides this so-called P-band is characterized by strong linear electron-coupling
involving modes centered at @, = 30 cm~! and wgp = 120 cm~!. The former is most likely
due to protein phonons. The Huang-Rhys factor S, = 1.8 and the effective damping constant
iS ¥y ~ 30-40 cm~!. In the calculations which follow a value of 20 cm~! for y,, was used in
order to enhance the structure in the single-site absorption and hole burned spectra. The
120 cm~! mode is referred to as the special pair marker mode. Its effective damping constant
IS Ysp =25 cm-! and its Huang-Rhys factor is S¢p = 1.5. At sufficiently low temperatures the
homogeneous width of the pure electronic transition is 5 cm~! due to the | ps primary charge
separation process that depopulates the excited state. The hole burning results indicate that
the width of the ZPL remains constant at 5 cm~! between 1.8 K and 15 K, at which
temperature the ZPH is nearly Franck-Condon forbidden. Thus, over this temperature range
the contribution to the homogeneous width of the ZPL from interaction with the bath modes

is negligible.




84

The upper frame of Fig. 3 is the 0 K single-site absorption spectrum of the special
pair calculated with Eq. (25). The parameter values given above were used. The spectrum is
very similar to that calculated by Reddy et al.43 in the frequency domain. The washing out of
structure for the higher energy bands is due to folding. The spectrum for 15 K is shown in
the bottom frame of Fig. 3. The most significant difference between the 0 K and 15K
spectra is that the ZPL of the latter is considerably weaker. This is due to a reduction in its
FC factor stemming from the linearly coupled 30 cm~! mode. Also, the lower frame shows a
hot band at ® = - 30 cm~! due to (0,1) transition.

We now extend the calculations to the hole burned spectrum of the P-band. The

absorption spectrum following a burn for time 7 is given by22-24

o@D = [ d2x(Q-v,) To(0 ~Qexpl-KT, (0 5 -1,
= (35)

where Q is the frequency of the ZPL of a single absorber and wg is the burn frequency.

%(Q = vpq) is a Gaussian function, with variance w2 centered at v, which governs the
distribution of ZPL frequencies due to structural heterogeneity. k is the product of three
terms: the absorption cross-section, the laser burn flux and the quantum yield for hole-
burning. T,_, (w - Q) is the absorption spectrum of a single site whose ZPL frequency is Q.
Note that for T = 0, Eq. (34) is the inhomogeneously broadened absorption spectrum. The
hole-burned spectrum is defined here as 6(0;T) — og(w;T). The 0 K (upper frame) and 15 K
(lower frame) hole burned spectra shown in Fig. 4 correspond to the single site absorption
spectra of Fig. 3. The value for the standard deviation of ¥(Q — vp;) used was 64 cm=! 29 (v
m Was set equal to zero with wpg set equal to vp,). kt was set at 0.004. The calculation of o(
o:T) involved46 taking the numerical Fourier transform of Eq. (25). The agreement between

the 0 K hole burned spectrum of Fig. 4 and the experimental spectrum?? as well as the
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spectrum calculated using the frequency domain theory of Hayes et al.24 (not shown) is good.
Note the very weak intensity of the ZPH at og which carries a width of 2y = 10 cm~1, as
expected.47 The weakness of the ZPH can be understood from its FC factor,

i exp[-2{S(M(w ,) +1) +Ssp(ﬁ(m sp T D}], where the fi's are thermal occupation numbers.
For T =0 K, the FC factor is exp(—6.6) = 0.0014. Elevation of the temperature to 15 K is
sufficient to significantly reduce the intensity of the ZPH, in agreement with experiment.2?
The effect of increasing v, from 20 cm~! to 40 cm~!, the value used in ref. 24, would be to
significantly fill in the valley between the ZPH at wg and the phonon sideband hole at wg +
©m, resulting in an apparent weakening of the ZPH.

As a final application we consider the chromophore APT in hyperquenched glassy
films of ethanol which has been thoroughly studied by nonphotochemical hole burning
spectroscopy.!? This system is characterized by a linearly coupled mode with ©, =25 cm~!,
S¢=0.5 and 7, ~ 10 cm~! and a quadraticaily coupled mode with @g" = 50 cm~! which is
responsible for dephasing of the zero-phonon transition. For the calculations we set @

q' =35 cm~! which represents a 30% frequency change. The temperature dependent data of
ref. 17 indicate that y,(T) =8 1 (a)q") cm~! and, furthermore, that y4(T) = 5( ﬁ(mq")+l) cm™
I when the theoretical model of Jackson and Silbey?2! is used. v, is taken to be temperature
independent. The single site absorption spectra for T = 15, 60 and 100 K shown in Fig. 5
were calculated by numerical FT of Eq. (34). In all three spectra the ZPL is located at - (50—
35)/2 cm~! relative to 0 cm~! which would be the position in the absence of quadratic
coupling. At 15 K (top frame) only the ZPL and cold (1,0), transition is observed. At 60K,
the sequence (1,1)q transition and hot (0,1), transition appear as well as the (2,0), band.
Structure is diminished at 100 K (bottom frame) due to the higher probability for multi-
phonon transitions and sequence transitions with larger n" values as well as folding and the
temperature dependencies imposed on yej and 4. At 300 K all structure is lost (result not

shown).
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III. CONCLUSIONS

This paper is the result of our interest in understanding the relationship and
differences between the optical coherence loss of a chromophore in a glass and in the liquid
phase of the glass forming solvent.!7 Linear response functions were presented which allow
for a consistent approach to the calculation of single-site and inhomogeneously broadened
absorption spectra and hole burned spectra. The response functions are appropriate for
systems whose modes are underdamped. Two cases were treated: a system whose modes
exhibit only linear electron-phonon coupling (Eq. (25)); and a system whose modes are either
linearly or quadratically coupled (Eq. (31a)). The response functions take into account pure
electronic dephasing, v, which is responsible for the homogeneous width of the ZPL.
Furthermore, v, adds to the widths of the multi-phonon transitions, a result which has a
physical basis. As expected, the widths of the multi-phonon, sequence and combination
transitions exhibit folding. The phononic contribution(s) to the response functions of
Egs. (25) and (31a) lead to folding of the widths of multi-phonon, sequence (n} = n'j) and
combination band transitions. For example, the widths of the cold multi-phonon progression,
nJ =0— n'j, are given by ye| + n'j ¥j» Where v; is the damping constant for mode j. The
linear dependence on the excited state mode quantum number, n'j, is expected for damping
mechanisms which are linear in the coordinate q; of mode j. Mixed crystal spectra, taken at
liquid helium temperatures, have shown this dependence (see, for example, refs. 31,53).
Mechanisms that yield such a dependence include the Duschinsky effect where, in the excited
state vibrational Hamiltonian, one has q; Qp terms (with the Qg’s the bath coordinates), and
anharmonic coupling terms that are linear in q;. (The Duschinsky effect is actually the decay
mechanism for the primary oscillators of the MBO model, see Chap. 8 of ref. 15).

From the properties of Fourier transforms, it follows that our response functions yield

Lorentzian lineshapes for all phonon transitions. In amorphous hosts structural heterogeneity
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can result in a distribution of frequencies for the primary oscillators. The modification of the
response functions required to take into account such in homogeneity is straightforward. For
example, if one desires Voigt profiles, one need only multiply exp(- y;[t}/2) in the response
functions (see Egs. (24) and (31c)) by exp(- Azj t2/2), where Azj is the variance of the
distribution of w; frequencies. In the limit y; << A;, the folding of the aforementioned cold

. . . ' ol
multi-phonon progression carries a (n j)” -

-dependence, rather than an n;-dependence. !’

An approximate excited state vibrational Hamiltonian (H, of Eq. (5)) which accounts
for linear and quadratic electron-phonon coupling and is acceptable for mode frequency
changes smaller than about 30% was derived as was the linear response function it gives rise
to for the case of no damping (Eq. (12)). Inclusion of damping for a system whose modes are
both linearly and quadratically coupled results in a complex linear response function. (The
complexity is far greater for the non-linear response functions associated with photon echo
spectroscopies.) Thus, we presented only the response function for a system whose modes
are either linearly or quadratically coupled. Nevertheless, our approximate Hamiltonian
should be useful in future studies devoted to derivation of linear and non-linear response
functions for systems whose modes are both linearly and quadratically coupled.

As stated in the Introduction, the combination of temperature dependent hole-burning
and photon echo studies above and below the glass transition of the solvent should provide

new insights on optical coherence loss of chromophores in liquids. The results presented will

be applied to photon echo spectroscopy in a subsequent publication.48

ACKNOWLEDGMENTS
Research at [owa State University was supported by NSF grant DMR-9630781 and at
the University of Rochester by grants from NSF CHE9526125 and AFOSR F49620-96-1-

0030.




88

REFERENCES

[88)

L

10.

11.

14.

Y. J. Yan and S. Mukamel, J. Chem. Phys. 94, 179 (1991).
W. B. Bosma, Y. J. Yan, and S. Mukamel, Phys. Rev. A. 42, 9620 (1990).
M. Cho and G. R. Fleming, J. Chem. Phys. 98, 2848 (1993).

P. Véhringer, D. C. Arnett, R. A. Westervelt, M. J. Feldstein, and N. F. Scherer, J.
Chem. Phys. 102, 4027, (1995).

M. S. Pshenichnikov, K. Duppen, and D. A. Wiersma, Phys. Rev. Lett. 74, 674
(1995).

W. P. de Boeij, M. S. Pshenichnikov, K. Duppen, and D. A. Wiersma, Chem. Phys.
Lett. 138, 1 (1995).

T. Joo, Y. Jia, J-Y. Yu, M. J. Lang, and G. R. Fleming, J. Chem. Phys. 104, 6089
(1996).

G. R. Fleming and M. Cho, Annu. Rev. Phys. Chem. 47, 109 (1996).

C. H. B. Cruz, R. L. Frork, W. H. Knox, and C. V. Shank, Chem. Phys. Lett. 132, 341
(1986).

W. P. de Boeij, M. S. Pshenichnikov, and D. A. Wiersma, J. Phys. Chem. 100, 11806
(1996).

P. Véhringer, D. C. Arnett, T. -S. Yang, and N. F. Scherer, Chem. Phys. Lett. 237.
387 (1995).

C. J. Bardeen and C. V. Shank, Chem. Phys. Lett. 226, 310 (1994).

Y. J. Yan and S. Mukamel, Phys. Rev. A 41, 6485 (1990); J. Chem. Phys. 94, 179
(1991).

S. Mukamel, Annu. Rev. Phys. Chem. 41, 647 (1990); Adv. Chem. Phys. 70, 165
(1988).




15.

16.

17.

18.

19.

N
o

o
Lo

89

S. Mukamel, Principles of Nonlinear Optical Spectroscopy (Oxford University, New
York, 1995).

T. Reinot, W.-H. Kim, J. M. Hayes, and G. J. Small, J. Chem. Phys. 104, 793 (1996).
T. Reinot, W.-H. Kim, J. M. Hayes, and G. J. Small, J. Chem. Phys. 106, 457 (1997).
R. Jankowiak, J. M. Hayes, and G. J. Small, Chem. Rev. 93, 1471 (1993).

L. R. Narashiman, K. A. Littau, D. W. Pack, Y. S. Bai, A. Elschner, and M. D. Fayer.
Chem. Rev. 90, 439 (1990).

R. M. Shelby, C. B. Harris, and P. A. Cornelius, J. Chem. Phys. 70, 34 (1979).

B. Jackson and R. Silbey, Chem. Phys. Lett. 99, 331 (1983).

J. M. Hayes and G. J. Small, J. Phys. Chem. 90, 4928 (1986).

R. Jankowiak, J. M. Hayes, and G. J. Small, Chem. Rev. 93, 1471 (1993)

J. M. Hayes, P. A. Lyle, and G. J. Small, J. Phys. Chem. 98, 7337 (1994).

Y. Nagasawa, S. A. Passino, T. Joo, and G. R. Fleming. 106, 4840 (1997).

C. J. Bardeen, G. Cerullo, C. V. Shank, Chem. Phys. Lett. 280, 127 (1997).

An extensive review of low temperature absorption spectra of chromophore in host
crystals and hole burned and fluorescence line narrowed of chromophores in
amorphous hosts and proteins failed to reveal a clear cut case of overdamping. We
note that the damping constants for the 50 and 180 cm~! acoustic modes which
dephase the pure electronic transition of APT in annealed glassy water correspond to
widths of 17 and 15 cm~!, respectively, at the glass transition temperature of 135 K.
G. J. Small, J. Chem. Phys. 54, 3300 (1971).

P. A. Lyle, S. V. Kolaczkowski, and G. J. Small, J. Phys. Chem. 97, 6924 (1993).

F. M. Fernandez and E. A. Castro, Algebraic Methods in Quantum Chemistry and
Physics (CRC Press, Boca Raton, 1995).

R. L. Beckman and G. J. Small, Chem. Phys. 30, 19 (1978).

C. Manneback, Physica 17, 1001 (1951).




33.

34.

44,

45.

46.

417.

48.

49.

90

M. G. Prais, D. F. Heller and K. F. Freed, Chem. Phys. 6, 331 (1974).
D. F. Heller, K. F. Freed, and W.M. Gelbart, J. Chem. Phys. 56, 2309 (1972).

R. Englman, Non- Radiative Decay of lons and Molecules [n Solids (North-Holland,
Amsterdam, 1979).

See refs. 37 and 38 for an approach to evaluation of Eq. (7) with v(q) expressed as
Vo exp(cq) where ¢ and v, are constants.

Y. Tanimura and S. Mukamel, J. Opt. Soc. Am. B. 10, 2263 (1993)
V. Khidekel and S. Mukamel, Chem. Phys. Lett. 240, 304 (1995).
R. J. Glauber, Phys. Rev. 131, 2766, (1963).

J. R. Clauder and B-S. Skagerstam, Coherent States- Applications in Physics and
Mathematical Physics (World Scientific Publishing Co. Pte. Ltd. 1985).

M. Weissbluth, Photon- Atom I[nteractions (Academic Press, New York. [989).

W. H. Louisell, Quantum Statistical Properties of Radiation (J. Wiley, New York.
1973).

M. Toutounji, Ph.D. Dissertation, [owa State University, 1998.

G. Small, Chem. Phys. 197, 239 (1995) and Refs. therein.

N. R. S. Reddy, P. A. Lyle, and G. J. Small, Photosyn. Res. 31,167 (1992).

A Mathematica program has been written such that the numerical FT of T, (t, T) was
maintained in unevaluated form as a function of w (via the set delay operator built
into Mathematica). Then the program was instructed to substitute the evaluated
numerical transform as a function of @ - Q or wg ~ Q in Eq. (35). The numerical

integration was performed 1101 times to cover the frequency range shown in Fig. 4.

Persistent Spectral Hole Burninig: Sience and Applications, edited by W. E. Moermer
(Springer, New York, 1987), Vol. 44.

M. Toutounji, S. Mukamel, and G. J. Small, to be submitted to J. Chem. Phys.

R. P. Feynman, Phys. Rev. 84, 108 (1951).




50.

S1.

33.

91

W. Magnus, Commun. Pure Appl. Math. 7, 649 (1954).
R. M. Wilcox, J. Math. Phys. 8, 962 (1967).
M. Suzuki, Commun. Math. Phys. 57, 193 (1977).

G. Fischer, Chem. Phys. Lett. 20, 569 (1973).




APPENDIX A

Coherent states form a complete and non-orthogonal basis set. They are very useful
in radiation theory and quantum optics. The coherent state 2z is an eigenvector of the non-

hermitian operator a. The eigenvalue equation for the vector z. is
az =2z ( Al )

Thus z. which can be complex. is the eigenvalue of a. We can express Z in terms of the

number states N, as

n=0 ! (A2)

One of the most appealing properties of coherent states is that they can be chosen to be

unnormalized states by setting Cg = 1. Since In) can be written as

(a®)

[n) = | 0,
Vn! (A3)

where |0) is the vacuum state of the oscillator, Eq. (A2) becomes

|2) = exp(za™) [0) (Ad)

Applying a to Eq. (A2), one obtains




n=0 (A6)
® n—|
= zz = fn-1)
Y]
= (n=1)! (AT)
=d2) (AS)

Equations (A7) and (A8) show that |z) is an eigenvector of a with eigenvalue z. Coherent

states lack property of orthogonality because

(z]z') =exp(z* ') % 0. (A9)

With Eq. (A1) one can show that

exp(ca) |z) = exp(cz) | z) (A10)

where c is a constant, while with Eq. (A4) it follows that

exp(ca®)|z) =]z +c). (All)

Note that exp(ca™) acts as a translational operator in coherent state space with the
translational parameter c.
We now show how a* acts on |z). By taking the hermitian conjugate of Eq. (A1), we

obtain

|z)a* =z*(z| (A12)
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Using Eq. (A4),

a*|z)=a" exp(za®)|0) (A13)
=%‘_e)q:(:a+)|0) (A14)

=7 I:)
focs (Al5)

Recall that {z]z) # 1. Equation (A15) confirms that exp(c a*) is a translational operator.

We next show how |2) evolves in time under the time evolution operator exp(~iHgt/n

)s
exp(-iH,t 1 B)|2(0)) =|2(1)). (A16)
Using Eq. (A2) one obtains
o N
exp(—iHgt/ h |2(0)) = Z 'j;",' exp[—i(n " (a*a +y2)r]|n)
n=0 * (Al?)

= exp(—i"t/2) Z jﬁ exp(—inw"t) |n)

n=( (AlS)
=exp(—in"t/2) Z 2 exPE/t;D’ = I

n~0 ) (A19)
= exp(=in"t/2) |exp(~in" 1) 2(0)) (A20)

=lz0) (a2

To operate with exp(-iHgt/%) on |z(0)) , one of the following approaches may be

used: Feynman's formula for non-commuting exponential operators,*? Lie algebra for
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disentangling non-commuting exponential operators,3? or [nverse Campbell-Baker-Hausdorff
formula (Zassenhause formula).30-52 All three approaches worked equally well when we
eliminated the a2 and a* operators in He. The Lie algebra approach was found to be
straightforward for pure quadratic coupling. We found that using the Zassenhause formula
without eliminating a2 and a*’ led to an unrecognized pattern of infinite terms which we

were not able to simplify.
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APPENDIX B

Here we provide a derivation of Eq. (17) starting with Eq. (12). We definea; =

exp(f3) (f3 is given in Eq. (14d)), upon power series expansion we obtain,

—i't )q

> (Se_[}' e
@y = exp(— eﬂ')z T_'

=0 (B1)

We have

C l e—iQf e-i(m'—m")l/l (l_e"[}hﬂ)")
a(_ﬁ) = l_e—[}nm"+i(m"—m')l ’

(B2)
where Q is the adiabatic gap and, from Eq. (13), Q = [2 sinh(Brw"/2)]~! = exp(-phw"/2)
" [1 = exp(—Bha™)]~L. For notational simplicity we define
f'_’, =Sejf e—ﬁﬂm"-{-iﬂ)"[ (e-'fm'l _1)2 = —a,a, (BS)

where @y =-5,7 e (e—'m —1)2 and o = g o+ =it With Egs. (B1)-(B3), J(t)

becomes

C 1 15104
J(t)='0—allTa'exp[— ] -

-~

With J(t) in this form, one can utilize the generating function for Laguerre polynomials:
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exp[- aoa/(l—a)]( ) Z L,,(ao)a

(B3)
With Eq. (B5), J(t) becomes
( "l(x) l)q
J6) = exe(- Se,ﬂZ Z L, (o) 0

q=0 (B6)
Equation (B6) needs further simplification which can be accomplished by noting that
oy =4S,r sin’ (@'t /2) and &Lm"(c2) can be rewritten as

nll al,n
Ln(ao)—z (=1)" ( ] =%
m=0 —ms (B7)

J(t) can now be written as

(S, e“’“” (48, sin® (@'t / 2)]" -
J(r)——exp( Seﬂ)z Z ’f {Z - 1)"’[ _”J r— }a .

q=0 n"=0 m=0
(B8)

The [sin(e@'t/2)]2™ factor can be dealt with using the following identity

()¢ g, cos(2Lw't /2)

& (mr ) (m-0)! 59)

sin(w't /2)*™ =272" (2m)!
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Equations (B8) and (B9) lead directly to Eq. (17) via a straightforward Fourier transform.
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APPENDIX C

This appendix shows the derivation of Eq. (27) and the recovery of Eq. (28). T,tT)

for one mode is (2 =0)

To(6:1) = expl- v 12 - S, co(Bro, 12) + 5 ¢ 2 coth(Bhw ; /2) cos(® 1) ~ sin(a )

(Ch)

which can be rewritten as

-7[([; T) = exp[-y |t/2 ~ S ; coth(Bhw ; / 2)] exp{Sj ParLs \/cothz(szmJ. /2) -1 cos(w ;t —(pj)}.

(C2)

Here.

-
.= t e —————— :—. . 2 3
(¢, =arc an(coth(ﬁhmj /2] i Bho ; / (C3)

To proceed further, one needs to decompose Eq. (C2) by using the generating function for

modified Bessel functions,

Jo(6;T) = exp[—y 411l/2 = S ; coth(Bha ; / 2)]

(C4)

X Z {[ ,,,(S J csch(Bra i12) e-'{"Wz) exp(ima ;¢ ~mpho il 2)}

m=-x

The times dependent argument of [, makes Fourier transform very difficult. However this is

dealt with by using the definition of T,(W)):
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0 m+2f
7, 12)™+"
""(Wf)=z ONT(m+e+1)’ (©3)
=0
where
W, =S, csch(ho ; 12) eV (C6)

Substitution of Eq. (C5) into Eq. (C4) results in

2¢
. [S.csch(sz(o ! '2)]'"+
7Ty = exal =S cotipho, 10| . D e

m==- =0

(€7

x exp(mBhw ; /2) exp[— imw ;t —((m +20y ;+vy )Itl/?.]

The Fourier transform of Eq. (C7) leads directly to Eq. (27). Note that we have switched the
signs in exp(imw;t — mBAw i/2) so that the high and low energy sides of the spectrum relative
to the ZPL have positive and negative energies, respectively.

Finally, Eq. (28) is obtained from Eq. (C4) by setting y; =v; = 0:

@€

Jy(t;T) = exp[~S ; coth(Bhw ; / 2)] Z B ;12
Mm==x (C8)

x [ ,[S;csch(Bho ; /2)] exp(=imw ;t).
J J J

Straightforward Fourier transformation of Eq. (C8) leads directly to Eq. (28).
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Table 1. Franck-Condon factors for S = 0.8 and r = 0.7 and 0.8 (in parenthesis).

(n',n")3 Equation (17) Exactb Englman¢
0,0) 0.63  (0.55) 0.51 (0.49) 046  (0.45)
(1,0) 0.30  (0.33) 040  (0.39) 028  (0.28)
(2.0) 0.070 (0.10) 0.091 (0.11) 0.087 (0.089)
3,0 0.010 (0.020) 0.0040 (0.013) 0.0200 (0.020)
0.1 029  (0.33) 028 (03D
(1, 1) 0.19  (0.088) 0.057 (0.040)

@0 0.34  (0.32) 043  (0.37)
G, 0.14  (0.19) 022  (0.24)
0,2) 0.066 (0.10) 0.13  (0.14)
(1,2) 0.34  (0.32) 0.17  (0.21)
2,2) 0.023  (0.00020) 0.00044 (0.013)
(3,2) 0.29  (0.21) 0.30  (0.23)
(0, 3) 0.010  (0.020) 0.053  (0.048)
(1,3) 0.14  (0.19) 0.17  (0.19)
(2,3) 029  (0.21) 0.044  (0.068)
(3,3) 0.0035 (0.048) 0.055 (0.083)

40" and n' are the initial and final electronic state vibrational quantum numbers. r=w'/w0".

f

bCalculated using Mathematica with exact harmonic oscillator wavefunctions.
¢Calculated using the equation on p. 121 of ref. 35.




Table 2. Franck-Condon factors for S =2.0 and r = 0.7 and 0.8 (in parentheses).
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(n',n'"")A Equation (17) Exactb Englman¢
0, 0) 0.32 (0.22) 0.19  (0.17) 0.14 (0.14)
(1,0) 0.36 (0.33) 0.37  (0.33) 0.14 (0.14)
2,0) 0.21 (0.25) 030  (0.29) 0.068  (0.068)
(3,0) 0.080 (0.13) 0.12  (0.15) 0.022  (0.022)
©, 1) 0.36 (0.33) 026 (0.27)

(I, ) 0.0070 (0.056) 0.077 (0.10)
2, n 0.13 (0.042) 0.045 (0.017)
G, 1 0.24 (0.19) 0.27  (0.20)
(0, 2) 0.21 (0.25) 022  (0.24)
(1,2) 0.13 (0.042) 0.0024 (0.0012)
2.2) 0.13 0.17) 0.14  (0.15)
(3,2) 0.0061 (0.016) 0.016 (0.043)
©, 3) 0.080 (0.13) 0.15  (0.16)
(1,3) 0.24 (0.19) 0.068 (0.077)
2,3) 0.0061 (0.016) 0.0610 (0.070)
(3.3) 0.17 0.11) 0.046  (0.040)

an" and n' are the initial and final electronic state vibrational quantum numbers. r=w'/@".
bCalculated using Mathematica with exact harmonic oscillator wavefunctions.

¢Calculated using the equation on p. 121 of ref. 35.
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FIGURE CAPTIONS

Figure 1.

Figure 2.

Figure 3.

Figure 4.

Figure 5.

Single-site absorption spectrum calculated with Eq. (27) for a model system: ©

j=25 cm~l; =3 cm~!; Sj=1.8;7¢=1 cm~!and T =50 K. The spectrum

calculated by taking the numerical FT of Eq. (25) is identical.

Single-site absorption spectrum for T = 100 K calculated by taking the numerical

FT of Eq. (34) for a two-mode system with one mode linearly coupled (#) and the

other quadratically coupled (q): @,=200cm™!;S,=0.7;y,=5 cml;
"=50cm;

wq =35 eml;yg=2cm ! and v = 1 em”l.

Single-site absorption spectra for the special pair of the bacterial reaction center
calculated with Eq. (25) at T = 0 K (top frame) and 15 K (bottom frame) with
©p =30 cml, Sy = 1.8, 1y =20 ecm~!, gy = 120 em™1, Sgp = 1.5, ygp =25 cm™!
and yg = 5 em™!. yy, for the bottom frame is 15 cm~!; see text for more details.

Hole-burned spectra for the special pair band of the bacterial reaction center
calculated with Eq. (35) for T =0 K (top frame) and T = 15 K (bottom frame).
w=62cml, v, =wg =0cm~! and kr =0.004. Other parameter values are as
given in the caption to Fig. 3.

Single-site absorption spectra of Al-phthalocyanine tetrasulphonate in glassy
ethanol calculated by taking the numerical FT of Eq. (34) with , =25 cm=1. S,
=(.5,

Y =10 cm~, mq" =50 cm~!, coq' =35cm-l, Yq =5 (T (mq") +1)cm-! and

Ye1 =8 g (mq") cm~!. The top, middle, and bottom spectra are for T = 15. 60 and
100 K, respectively.
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CHAPTER 4. NON-LINEAR OPTICAL RESPONSE FUNCTIONS FOR
CONDENSED SYSTEMS WITH LINEAR AND QUADRATIC ELECTRON-
VIBRATION COUPLING

A paper submitted to the Journal of Chemical Physics

Mohamad Toutounji and Gerald J. Small
Department of Chemistry and Ames Laboratory-USDOE
[owa State University, Ames, [A 50011
and
Shaul Mukamel
Department of Chemistry
University of Rochester, Rochester, NY 14627

ABSTRACT

A 4-point correlation function which is valid for finite temperature is derived using an
approximate excited state vibrational Hamiltonian, H,, for a system whose phonon modes
exhibit both linear and diagonal quadratic electron-phonon coupling. The Hamiltonian is
applicable for mode frequency changes due to quadratic coupling smaller than 30%. The
non-linear response functions obtained from the correlation function are used to calculate the
impulsive 3-pulse photon echo signal for a system exhibiting very large inhomogeneous
broadening in order to reveal quantum beats due to the frequency change of a mode that
accompanies electronic excitation. Damping of the phonons and pure electronic dephasing
are not included in the 4-point correlation function. [t was determined that their inclusion
would lead to response functions of very considerable complexity. Thus, the remainder of
the paper is concerned with the 4-point correlation function and echo response functions for
systems whose modes are linearly coupled. The response functions are expressed in terms of
the lineshape function g(t;T) of Toutounji (/. Chem. Phys., submitted) which includes

phonon damping and pure electronic dephasing. Applications of the theory are given for
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impulsive 2-pulse photon echo signal, both time-integrated and as a function of the detection
time t and pulse delay time t'. Attention is focused on the dependence of the echo signals on
the linear coupling strength for a fixed temperature and their dependence on temperature for a
fixed coupling strength. The initial fast non-exponential decay (free-induction) due to all
multi-phonon transitions, quantum beats and the slow decay component due to the zero-
phonon line (pure electronic dephasing) are identified and correlated with features of the
single-site absorption spectfum whose relationship to the hole burned spectrum is well

understood. That pure electronic dephasing associated with the zero-phonon line contributes

to the decay of the quantum beats is emphasized. [t is suggested that this contribution may
be non-negligible at high temperatures in certain systems. The final application is to the

special pair absorption band of the bacterial reaction center.

I. INTRODUCTION

Recently, femtosecond photon echo spectroscopies have been used to study optical
coherence loss of electronic transitions of molecular chromophores in liquids.!-!2 Of
particular interest has been the dephasing due to inertial (librational) modes (“phonons™)
which couple linearly to the S|«Sj electronic transition. The damping of these Franck-
Condon active phonons can lead to coherence loss on the femtosecond time scale. We
recently suggested that!3,14 the study of optical coherence loss of chromophores in glasses
and in the glass forming solvents could lead to a better understanding of the phononic
contribution to dephasing in liquids. This suggestion stemmed from the results of persistent
spectral hole burning studies of Al-phthalocyanine tetrasulphonate in glassy water!3 and
ethanol!4 between 5 K and temperatures close to their glass transition temperature (Ty). 135
and 95 K, respectively. In the case of water it was shown that the values of the linear
electron-phonon coupling parameters and inhomogeneous broadening of the zero-phonon

line (ZPL, i.e. pure electronic transition), determined from the 5 K spectra, when used with
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the expression of Hayes et al. ! for the hole burned spectrum, provided a good accounting of
the temperature dependence of APT’s hole burned spectrum, The linear electron-phonon
coupling is dominated by a 38 cm~! phonon with a small Huang-Rhys factor of 0.55 (the
width of the one-phonon profile associated with the 38 cm=! phonon is 45 cm=1).16 The
corresponding frequencies for glassy ethanol and methanol are 26 and 17 cm~!,
respectively.!7 The 38, 26 and 17 cm~! phonons were assigned as pseudo-localized with
amplitude centered on APT and nearest neighbor solvent molecules. The high resolution of
the temperature-dependent hole spectra led to the conclusion that, at temperatures = 15 K.!7
the dephasing of the ZPL is due to the exchange coupling mechanism associated with
diagonal quadratic electron-phonon coupling.!8:19 the quadratic coupling gives rise to a
mode frequency change upon electronic excitation of the chromophore. For glassy water the
exchange coupling was found to be due to two phonons with frequencies of 50 and 180 cm~!
which correspond to the acoustic modes of water. For glassy ethanol, an exchange coupling
mode of 50 cm~! was identified which coincides with the lowest energy peak in the spectral
density of liquid ethanol.

The combination of spectral hole burning and photon echo spectroscopies is well
suited for determination of the similarities and differences between optical coherence loss in
glasses and liquids which can be expected to depend on the liquid and the value of T -

Tg > 0. Of particular interest would be identification of ultra-fast dynamics from inertial
modes unique to the liquid. [nterpretation of the results of such experiments, however,
requires linear and nonlinear response functions for finite temperature that provide a
consistent and physically acceptable description of the single-site absorption, hole-burned
and photon echo spectra, as recently pointed out by Nagasawa et al.20 and Bardeen et al.2! in
their studies of the temperature dependence of optical coherence loss of chromophores in

polymers.
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We recently derived an approximate excited state vibrational Hamiltonian (Hg) that,
in addition to linear coupling, includes diagonal quadratic coupling.?2 This Hamiltonian,
which is adequate for mode frequency changes smaller than 30%, was used to obtain the
linear response or 2-point correlation function for the case of no damping that provides a
good description of the temperature dependences of the ZPL, multi-phonon and sequence

[

transitions. (Sequence transitions correspond to nj —» nj = nj, where n

"

j and n;j are the

quantum numbers of mode j for the ground and exited electronic states, respectively.) A
linear response function for finite temperature ((T,.q (t;T)) that includes damping was
proposed for systems whose modes are either linearly (1) or quadratically (q) coupled since
there appear to be many systems of this type. It is the product of three response functions,
two of which are phononic with one associated with linear modes and the other with
quadratic modes. Different modes (w;) can be assigned different damping constants, y;. (We
adopt the convention that y; is the fwhm of the one-phonon absorption profile in the absence
of pure electronic dephasing.) The third response function is electronic, exp(—ye[tl/2), with ¥
¢l the width of the zero-phonon line. The total response function yields single-site absorption
spectra in which folding of the widths of multi-phonon and sequence transition occurs. ¥, is

included in the widths of those transitions. For example, the widths of the nJ =0 n;

progression members are given by y . + n;- Y j(n'j =0,1,...) where y; is the damping constant
for phonon j. That v, adds to the widths of the multi-phonon transition has a physical
basis.22 The linear dependence on n'j (folding) is valid for any phonon relaxation
mechanism that is linear in the coordinate of the phonon. Such folding has been observed for
chromophores in host crystals.2324 The structure of ’fl.q (t,T) is such that all transitions in
the single-site absorption spectrum carry Lorentzian lineshapes. However, the modification
required to account for a distribution of values for ; due to structural heterogeneity is
straightforward. The new response functions were found, for example, to provide a good

description of the temperature dependence of the hole-burned spectrum of the special pair
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band of the bacterial reaction center. The response functions are applicable to systems whose
phonons are underdamped, y; < ;.

[n this paper the temperature dependent 4-point correlation function, F(t|,t3,73,74),
for the aforementioned approximate Hamiltonian H, is obtained for the case of no damping.
In order to demonstrate quantum beats from quadratic coupling, it is used to calculate the
impulsive stimulated photon echo signal in the limit of large inhomogeneous broadening for
a linearly and quadratically coupled phonon. A 4-point correlation function which includes
both phononic damping and pure electronic dephasing is derived for linear coupling only
using the results of ref, 22 which include an expression for the phonon lineshape function,
gPh(t;T). The 4-point correlation function defines the echo response functions which enter
into the expression for the third-order polarization that describes all 4-wave mixing
spectroscopies including the 3-pulse stimulated photon echo (SPE). Calculations based on
our 4-point correlation function are restricted to impulsive echo spectroscopy because the
computational time for pulses of finite width, relative to inhomogeneous broadening, is very
long. Nevertheless, the results provide a clear picture of the basic aspects of the echo profile
which include the faster and slower components of the echo decay due to the multi-phonon
transitions (phonon sideband) and ZPL as well as the phonon-induced quantum
beats.25-29.30-34 Particular attention is given to the dependence of the 2-pulse echo signal for
a fixed temperature on the value of the Huang-Rhys factor S of the active phonon, the
dependence of the signal for fixed S on the temperature, the relationship between the
integrated echo signal and the single-site absorption spectrum and the dynamical information
contained in the quantum beat profiles. Consistent with the widths of the multi-phonon
absorption transitions, vide supra, we find that the pure electronic dephasing (y.) contributes
to the decay of the quantum beats. Finally, the 2-pulse PE signals are calculated in the low
temperature limit for the special pair absorption band of the bacterial reaction center and

compared with the results of recent accumulated photon echo experiments.33
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II. THEORY

A. Background

We begin by reviewing the equations in the book by Mukamel36 that form the basis
for this work, the results of which are presented in the following three subsections.37 The

non-linear response function which governs 4-wave mixing (4WM) experiments is

4
S(3)(f3,[2,[|) =2rl-3 9([1)9(12)6((3) im Z Ra([3’[2v[l)v (l)

o=l

are the non-linear correlation functions, 6(t,) is the Heaviside step

4
where {Ru (l‘l,!z,fs)}a___,

function. and t;, t; and t; are the interaction intervals between the system and radiation field.

vide infra. The R ’s are obtainable from the following 4-point correlation function

F(t1,72,73,T4) = (Vge(11) Vg (T2) Ve(13) Vig (7))

)
with
i i
Vee(t) = exp(E ng) Vee exp(—;l- Het) ,
(3a)
i {
Veg(1) = exp(— Her) Veg exp(—— H g‘t) .
h f (3b)

Here, Vg is the electronic transition dipole moment which depends on the nuclear
coordinates of the system. Later, we will employ the Condon approximation. Hg and H, are
the ground and excited state vibrational Hamiltonians. Using the fact that the correlation

function is invariant under time translation, it can be shown that




115

Rl([3v[29[l)= F([l,[l +i,t +1 +[3.0) s
Ry(t3,t9,0)) = F(0,8) + 1,1y + 17 +13,11) ,
R3([3,[2,[|) = F(0,0),t) +12 +13,0; +12) .

R4(t3’[27(l)=F(tl+[2+’37[l+[27[120)' (4)

We mention for what follows that when the field is turned on, the first interaction takes place
at time t—t;—t,—t; and creates an optical coherence which evolves for a period t;. The second
interaction occurs at time t—t,—t; and converts the coherence state into a population state
which evolves for a period t;. The third interaction occurs at time t—t3 and creates a second
electronic coherence that evolves for time t3. At times t >ty the optical polarization P(3) is
calculated, vide infi-a.

We consider the stimulated photon echo in which three pulses with wavevectors k.

k, and kj are sequentially applied to the system. The external field E(r,t) can be written as

E(r,t) = E|(t + t'+1)exp(ik, - r—io ) + Ey (¢ +T)exp(iky - r —iwst)

+E3(r)exp(ik3-r—io.)3[)+c.c.‘ (5)

E|, E; and E; determine the temporal shapes of the pulses centered at t =— (' + 1), —t and 0,
respectively. Thus ' is the delay between the first (E;) and second (E;) pulses and t the
delay between the second and third (E;) pulses. As is well-known the stimulated echo is
centered at T’ after the third. The echo direction of primary interest is k, = k3 + ko ~ k; (see

pp. 297-298 of ref. 36 for discussion). The integrated intensity of the echo signal, Sgpg, is:
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Sope (<) = [ [PV o) o

where P(3)(k,,t) third order polarization with wavevector k, induced by the external fields.

With the rotating wave approximation and the assumption of well-separated pulses one has

3
P(”(ka,t):(—;l-) qu fdtz Eitl R(t3,t2,00) %(t5 = 1)) E3(t —t3) Ea(t +T1—153~11)

X El'(t+'c'+r—t3 ~ty —t))expli(@; +0q —@ )3 +i(wq —@ )y —iw 4] ™

Here, 2(t3,t,t;) is the echo response function defined as

R(13,12,01) = Ra(t3,02,1) + R3 (13, £2,11) - 8)

While 2(t;,t5,t|) governs the homogeneous (dynamical) contribution to the dephasing, %(t;—
t;) governs the static inhomogeneous contribution. To relate the time arguments of E; in
Eq. (5) to those of E; in PG)(K,,t), one need recall that Eq. (7) must take into account that the
first, second and third interactions occur at t—t|~ty—t3, t-ty—t; and t-ts.

In the impulsive limit, the pulses are infinitely short and the temporal field functions
E; become delta functions in Eq. (7), e.g. E3(t-t3) = 8(t—t;). The integration is then

straightforward and Eq. (6) becomes

Sspe(t',T) = fdt [R(t,t,t')l:Z .t —1:')|2 .
)
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The form of the inhomogeneous broadening term ¥, vide infi-a, results in the maximum of the
echo appearing at time t = 1’ after the interaction with the third pulse which we can now

consider to have occurred at t = 0. Fort> ', the echo decays due to electronic dephasing. If
in the frequency domain the inhomogeneous broadening is far greater than the homogeneous

broadening, %(t—t') in Eq. (9) can be approximated by a delta function which results in

Sepp (T',T) =|R(r‘,1'.,r')|2 - (10)

We consider next the 2-pulse photon echo in which pulses 2 and 3 are coincident (t
=0) and ky = k3, E5(t) = E;5(t) and 0, = 05. Utilization of these three equalities in Eq. (7)
leads to the expression for the polarization of the 2-pulse echo. Under the assumption that
pulses 2 and 3 are short relative to the nuclear dynamics, meaning that the population states
do not evolve before creation of the last optical coherence, the integration over t, can be

eliminated and t; set equal to zero. The result is:

N3 @ )
! 2 ®
P[(:'?(ka,[)=(g) J‘d[:; jd[l [R(Q,O,t,)iEz(f—t')i’ El (t—tl)x(t3—tl)exp[i(nl(l3—tl)
0 0

(I

where we have set | = w,. The integrated 2-pulse echo signal is given by

See)= [ [Pk,
0 (12)




118

[n the calculations which follow a Gaussian profile is used for the inhomogeneous function ¥:
1, ) ,
x(13—11)=exp —';W ([3—1[) y (1.3)

where the parameter w is related to the fwhm of the inhomogeneous profile in the frequency
domain by fwhm =2.35 w. For finite pulses, a Gaussian profile can be used, e.g.

Ey(t-1)= (-1 /257, (14)

I
\/27t0'2 exp[

where o2 is the variance.

B. Four-point Correlation Function for Both Linear and Quadratic Coupling

Consider a system with modes that exhibit both linear and diagonal quadratic
electron-phonon coupling. Let 0” and o’ be the ground and excited electronic state
frequencies of such a mode. The dimensionless normal coordinate for the ground state is
defined as q and the dimensionless linear displacement between the potential energy minima
of the two states as d. The vibrational Hamiltonian for the ground state is

H, =ho"(ata+1/2),

(15)

with a* and a the raising and lower operators, i.e. ¢ =2-12(a* +a). The exact Hamiltonian
for the excited state, H,, is given in ref. 22. We do not give it here, the reason being that
even the expression for the 2-point correlation function it would give rise to is quite
unwieldy. (It is the bilinear terms in H, involving a* and a that are responsible for this.) For

this reason we introduced the following approximate expression for H,:22




119

H, = nm'[(a+a+;1) +2-rYd(@" +a)/V2+Q-r")d? /2}%9
- (16)

where r = ©'/®w" and AQ is the adiabatic electronic energy gap. This Hamiltonian is adequate

forr 2 0.7 (without loss of generality we take o’ <®"). The adiabatic gap is related to the

vertical gap by

Q,=Q+5,; 0 (17)

where
Sy =2-r"Hd?* /2 (18)

with S¢ran effective Huang-Rhys factor that equals S = d2/2 when o’ = ". The
approximate H, was used in ref. 22 to obtain the linear response (2-point correlation)
function, J(t;T), for the case of no phonon damping. Coherent states, rather than number
states, were used in the derivation. We have used the same approach to obtain the
temperature dependent 4-point correlation function (F(t,t,73,T4) for the case of no
damping, Eq. (A4) of Appendix A. It can be used to obtain the echo response functions

{Ra (t3.89, 4 )} :=1 , Eq. (4), which can be used to calculate the third order polarization for

any 4-wave mixing experiment.

C. Four-point Correlation Function with Damping for Linear Coupling

The correlation function given by Eq. (A4) is a new result which we use in section [II
to demonstrate the quantum beats that arise from quadratic as well as linear coupling.
Unfortunately, inclusion of phonon damping and pure electronic dephasing would lead to a

very complicated correlation function which, from a computational point of view, is




impractical. This is not the case for linear coupling only. By setting @' = " in Eq. (A4) one

obtains

F(ty,72,73,74) =exp[-g(t) — T2) + (7 —73) ~ 8(13 — T3) — g(1; — 74)

(19)
+g(1y —14) — 8(T3 - Ty)),
which is identical to Eq. (8.14) of ref. 36. At this point we use the expression for the
lineshape function g(t;T) from ref. 22 which is the sum of a phononic (ph) and electronic
contribution:
g:N=g” (N +g" (51, (20)
where
N
g en=Y gD, @)
J=1
=S -{coth(ﬁhm 12y - IR [coth(ma - /2)cos(o ;) —i sin(o -t)]}
o\ J J J i 2
and
g (151 =1 ltlf2. (23)

Insofar as the temperature dependencies of y; and Y are concerned, one need consider
different mechanisms and feed their temperature dependencies into the lineshape functions,

which is standard procedure.
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We note that the lineshape function, g(t;T) defined by Eq. (20) and the equations that

follow yield a single-site absorption spectrum, which is given by

c(w;T) = %Re j‘ dt exp[-g(t;T) +iwt], (24)
0

for which the ZPL and multi-phonon transitions carry Lorentzian profiles. In amorphous
hosts structural heterogeneity can result in a distribution of frequencies for a Franck-Condon
active phonon. The modification of the lineshape function required to take into account such
inhomogeneity is straightforward. For example, if one desires Voigt profiles, one need only
multiply exp(-y;|t//2) in Eq. (22) by exp(-A?}f t2/2), where A?j is the variance of the
distribution of w; frequencies.

The impulsive 2-pulse echo (IPE) can be calculated by setting t =0 in Eq. (9). Using
the echo response function, 2(t’,0,7'), obtained from Eq. (19) in Eq. (9) yields the impulsive

2-pulse echo signal,36 Sipg(t';T),

Spe(t3T) = J' dt exp[-w (¢t —1')°] exp{—?. Re[2g(t;T)+2 g(v;T)—g(t +7'; T)]} . (25
0

whose polarization is given by
PO, 7 T) = exp[-w (¢t —7')’] exp{— 2Re[2 g(t;T)+2 g(';T) - gt +7'; T)]} . (26)

1. RESULTS OF CALCULATIONS
Figure 1 shows an impulsive SPE signal at 300 K for a linearly and quadratically

coupled mode defined by ©” =200 cm~!, »' = 150 cm~! and S =2. It was calculated using




Egs. (A4), 8 and 10. (Again, ' is the delay between the first and second pulses and t the
delay between the second and third.) Although damping is not included, Fig. 1 reflects an
important feature due to quadratic electron-phonon coupling; namely, quantum beats due to
interference of the ground and excited state phonon waves. This is more easily seen by
looking at a slice in the frequency domain obtained from Fig. 1. Figure 2 was obtained by

performing a Fourier transform of Eq. (10) with T =1 f5 as follows

1 k]
Sepp(0) = Y Re j dt' Sspe (') expl[(io -y)t']. (27
0

(To avoid delta functions, a uniform damping, y, of 3 cm~! was introduced.) In addition to
the ground and excited state fundamentals »"” and ', one observes their difference
frequency, Aw = 50 cm~! and its multiple 2Aw = 100 cm~!. The latter two are responsible
for the quantum beats indicated by the arrow in Fig. 1. Note that in the absence of
temperature dependent data the features in Fig. 2 might be incorrectly assigned to three or
four distinct linearly coupled modes.

The remainder of this section is concerned with impulsive 2-pulse photon echo (IPE)
results for systems with finite inhomogeneous broadening and modes that exhibit linear
coupling only. Phonon damping (y):) and pure electronic dephasing (y,) are taken into
account.

Figure 3 shows 0 K results for a linearly coupled mode (w0; =30 cm—, ¥, =20 cm-l,y
el =2.5 cm~! and w =64 cm™!) for three values of S, 0.01, 0.1 and 0.5 Integrated [PE
signals calculated with Eq. (25) are given in the left panel and the corresponding single-site
absorption spectra calculated with Eq. (24) in the right panel. For S =0.01, the ZPL ofa
width 2.5 cm~! dominates the absorption spectrum as expected for such a small S-value.

Correspondingly, multi-phonon transitions make a negligible contribution to the echo signal




which is dictated by the ZPL. The decay of the echo signal is single-exponential according to
exp(~2ye(t’), where 7' is the time delay, and yg)(s~!) = 27t y(em™") with y(cm=!) = 2.5.38
For S = 0.1, the (1,0) phonon transition appears in the single-site absorption spectrum. [ts
appearance is reflected by that of the fundamental beat at 1.1 ps which is the period (¢;) for ©
j=30 cm~!. Increasing S to 0.5 results in resolution of the beat due sharpening of the feature
labeled as PSB (phonon sideband). This sharpening or faster decay (free-induction) which
precedes the echo is due to the increase in the Franck-Condon factors of multi-phonon
transitions. (The contribution from the slowly decaying ZPL component to the signal at

~ 0 ps is negligible.) One-half the inverse of the width of the PSB is an effective or average
width for the overall profile of the multi-phonon transitions that contribute to the absorption
band, vide infra. The lineshape function g(t;T) of Eq. (20) leads to widths for the cold
phonon absorption progression r1J =0- n'j =0,1,... of yg + n}yj.39 The (1,0) absorption
transition of Fig. 3 should carry a width of 22.5 cm~!. This was confirmed by “ruler”
measurement of the (1,0) band for S =0.5.40 Because the resolved fundamental beat in the
echo signal for S = 0.5 corresponds to the (1,0) absorption transition, the width of the beat
profile is inversely proportional to the width of the (1,0) transition. Since we have defined v,
and y; as fwhm contributions, the width ['(s) of the beat equals 271y + ypn)~!, the inverse of
the decay constant for the beat, where the unit of ) and y; is circular frequency. Thus, 2-Ir-
lis the width of the (1,0) absorption transition, as confirmed by ruler measurement. (To
convert to cm~! one need multiply 2-!-! by (2nc)~!.) That v, adds to the homogeneous
widths of the multi-phonon transition has a physical basis which is that the phonon levels
build on the zero-point vibrational level. Thus, phononic transitions cannot be sharper than
the ZPL. The question arises as to when the contribution from y, is negligible. For typical
dye molecules in amorphous solids at liquid helium temperatures it s, since Y << | cm~!
(T, >> 10 ps).41:42 However, this situation may not hold at high temperatures. For

example, the dependence of yq(( T,: ) on temperature (5-100 K) for APT in glassy water!3 and
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glassy ethanol !4 was satisfactorily explained using the exchange coupling model of Jackson
and Silbey.!9 Theoretical extrapolation to room temperature yielded an estimate of ~ 0.3 fs
for Tz' for both systems. However, the frequency of the exchange coupling mode for both
systems is ~ 50 cm~!, which is considerably higher than observed for dye/polymer and
dye/protein systems. Thus, it is possible that, in certain systems, T-_f could approach 0.1 fs,
which is comparable to the timescales for optical coherence loss and solvation dynamics due
to low frequency modes that have been reported for dyes in liquids at room temperature.

Figure 4 is a continuation of Fig. 3 with S = 1.7, which corresponds to strong
coupling. The 3-D graph calculated with Eq. (26) shows the behavior of the echo along the
t = v’ diagonal. Following the rapid decay of the intense PSB features associated with the
overall profile of the multi-phonon transitions, the fundamental beat at 1.1 ps and its first
overtone at 2.2 ps are observed. (Since the FC progression in the frequency domain is
periodic in w;, the beat pattern is periodic with features at ¢;, 2¢;,... where ¢; is the period of
the fundamental beat, 1.1 ps for the case at hand. The time-integrated IPE signal calculated
with Eq. (25) is given in the bottom frame. The width of the PSB is ~ 160 fs which

corresponds to a multi-phonon profile width of 65 cm~! which can be compared with Sw

=51 cm~1, where Swj is approximately the expected width.43 [nsert A is the single-site

absorption spectrum (Eq. (24)) with a and b the one- and two-phonon transitions. The second
overtone also appears. Folding of the widths of the phonon transitions is apparent. The time-
integrated signal with the PSB cutoff is shown in insert B. The correspondence between the
ZPL and the beats and the ZPL and multi-phonon transitions in absorption is clear.

We turn next to the temperature dependence of the IPE signal. Figure 5 calculated
with Eq. (26) shows results for a model system with w; =25 em-l, $=0.30, ;=10 em-l,
w=64 cm~! and v, (T)=80(0 :1) cm~!, where co; =50 cm~! is the ground state frequency
of the exchange coupling mode responsible for the pure electronic dephasing. [(w :1 ) is the

thermal occupation number [exp(hm; /kT)- 1]“l . This model system mimics quite closely
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APT in glassy ethanol.!4 The top, middle and bottom graphs correspond to 15, 25 and
100 K, respectively. (Note the changes in time scales.) For comparison of the three t.t’
graphs it is useful to know the values of the ZPL FC factor which is given by
exp[-S(2n(w ;) + 1]. They are 0.70, 0.50 and 0.18 for 15,25 and 100 K.

At 15 K the ZPL is strongly allowed and y,; = 0.07 cm~! which corresponds to an
echo decay constant of (38 ps)~!. The contribution dominates the signal seen in the top
graph of Fig. 5. Because of the time scale the PSB appears as a sharp spike neart=1' = 0.
At 25 K, the FC factor of the ZPL has decreased by 30% and its width is y¢ = 0.50 cm~!. Its
echo decay constant is (5.3 ps)~!. Following the decay of the PSB, whose amplitude and
width have increased, one observes the one-quantum beat at 1.3 ps which is the period of @
=25 cm~l. Its overtone is also visible and is followed by the relatively slowly decaying
ZPL component. At 50 K the ZPL is barely observable on the scale used in Fig. 5 (results
not shown). By 100 K, the FC factor of the ZPL is only 0.18 and y¢; = 7.6 cm~!. Its echo
decay constant is (0.35 ps)~! which means that the ZPL component of the decay should
appear near the tail of the PSB. However it, as well as the beats, are too weak to be
observable in the bottom graph of Fig. 5. The physics conveyed by Fig. 5 has been observed
by Saikan et al. in their accumulated photon echo (APE) studies of octaethylporphine in
polystyrene.34

As a final application we present results for the special pair absorption band (P870) of
the bacterial reaction center of Rhodobacter sphaeroides. Photochemical hole burning
studies of P870 revealed that44 it is characterized by strong electron-phonon coupling
involving two modes with frequencies w, = 30 cm~! and wgp =120 cm~! and Huang-Rhys
factors of S, = 1.8 and 8.5 = 1.5 (sp denotes special pair and m the mean frequency of low
frequency protein phonons). Based on the results of ref. 22 we used ygp =25 cm-l,y
n =20 cm~! and w= 64 cm~! for the calculations. More recently, Schellenberg et al.33

reported the results of APE experiments performed on P870 at 1.4 K. Following a fast




(< 100 fs) initial decay due to multi-phonon excitation (our PSB), they observed a much
weaker decay due to the ZPL with a decay constant determined by the primary charge
separation time of 1.9 ps. This time corresponds to y¢= 2.5 cm~! which was used in our
calculations. An effective S-value of 1.7 was determined which most likely corresponds to
the 30 cm~! protein phonons identified by hole burning. Quantum beats were not observed
in ref. 35 and, thus, a mode frequency(ies) could not be determined. Thus, except for y

el =2.5 cm~!, we used the hole burning values for all parameters.

The results are shown in Fig. 6. The 3-D graph calculated according to Eq. (26)
shows five features, a-e, plus the relatively slowly decaying ZPL but note that feature a. due
mainly to the PSB, is cut off. The periods of Wgp =120 cm~! and the combination band @
sp T Om =150 cm~! are 277 and 220 fs. Thus, they are buried by the PSB. The signal in the
lower frame with the feature at t ~ 0 labeled as PSB is time-integrated (Eq. (25)). The width
of the PSB is 54 fs which corresponds to a width of 196 cm~! for the multi-phonon profile in
the frequency domain. This value is close to the anticipated approximate value of S0
m t Sspsp =231 cm~!l. Features b-d can be assigned as follows: b, c and e are the first,
second and fourth overtones of the fundamental quantum beat of the special pair mode while
beat d is due to both the fundamental beat of the 30 cm~! mode with a period of 1.1 ps and
the third harmonic of the special pair fundamental beat (see inset of bottom frame). With
Fig. 6 the difficulty in observing the ZPL decay component and the quantum beats for strong
electron-phonon coupling is apparent (see also Fig. 5). As mentioned, Schellenberg et al.
were able to detect the relatively very weak ZPL component. However, quantum beats are
not evident in their time-integrated echo signal whereas Fig. 6 indicates that if the ZPL
component is observed, quantum beats should also be observed. A likely reason for the
discrepancy is that in the APE experiment ~ 100 fs pulses with a width of ~ 7 nm were used
to pump P870 considerably to the red of its absorption maximum where the probability of

exciting the 120 cm~! special pair mode is low. This would significantly suppress the
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quantum beats seen in Fig. 6. [n addition, it has been suggested that the one-phonon
absorption due to a single mode at 120 cm~! could be due to two or more modes in the
vicinity of 120 cm=1.4546 This would have the effect of washing out the structure especially

if the damping constants were significantly less than 25 cm~!.

ITI. CONCLUSIONS

New 4-point and non-linear response functions ( {R, }(i:l) for finite temperatures
were obtained for a system whose phonon modes exhibit linear electron-phonon coupling
only. The lineshape function g(t;T) from ref. 22 used in the response functions includes
phonon damping (y;) and pure electronic dephasing (ye)). In that paper it was shown that
g(t;T) yields physically reasonable single-site absorption and hole burned spectra in which y,
contributes to the widths of the phononic transitions and folding of the widths of phonon
progression members occurs. Applications of the non-linear response functions were
confined to the impulsive 2-pulse photon echo (IPE) because of computational
considerations. Calculated [PE signals for model systems and the special pair band of the
bacterial reaction clearly revealed the initial fast decay due to the envelope of multi-phonon
transitions, quantum beats and the decay of the fundamental beat and the decay due to
dephasing of the ZPL and how these features depend on the strength of the electron-phonon
coupling and temperature. Based on the results of ref. 22 it was expected that pure electronic
dephasing would contribute to the decay of the quantum beats and such was confirmed. [t
was suggested that this contribution could be significant at room temperature for systems
whose modes are sufficiently underdamped. The features of the echo profiles/signals were
correlated with those of single site absorption spectra which are closely related to hole burned
spectra. The correlations illustrate the complementarity of photon echo and hole burning

spectroscopies.




As discussed in refs. 13, 14 and 20, the combination of temperature dependent hole
burning and echo studies of optical coherence loss of chromophores in glasses and their
liquids should lead to a much better understanding of the inertial modes of liquids
responsible for ultra-fast dephasing. [n this regard, we believe our response functions can
play an important role. The question arises as to what types of chromophores are best suited
for such studies. The answer is rigid molecules devoid of Franck-Condon active low
frequency intramolecular modes that can interfere with the low frequency inertial
(librational) modes of interest. In addition, the linear electron-phonon coupling of such a
chromophore in the glass should be weak so that the zero-phonon hole and the phonon
sideband structure can be studied up to a temperature sufficiently high to allow for
convincing theoretical interpretation of the data. Examples of such a system are Al-
phthalocyanine tetrasulphonate in glassy water and ethanol. Other phthalocyanines as well as
rhodamine and oxazine dyes should also be suitable. Cyanine dyes such as [R 144. which
was used in ref. 20, should be avoided.

The non-linear response functions can, of course, accommodate finite pulses but at
the expense of much longer computational times. For example, finite pulse calculations of
the 2-pulse photon echo signal for the special pair were attempted with Mathematica (2.2
version) on a 200 MHz Pentium Pro computer. Stack overflow occurred after about two
days. It was estimated that with that computer and the 2.2 version the calculation could take
over a month.47 But this problem will no doubt be overcome by use of much faster
computers with adequate memory as well as improved algorithms for integral evaluation.
Utilization of finite pulses is preferable to use of impulsive pulses because the echo signal
can be determined as function of the pump frequency as it is tuned from the low to high
energy sides of the absorption band. The equivalent of this in the frequency domain has been

accomplished with hole burning of the special pair band of the bacterial reaction center.44
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A temperature dependent 4-point correlation function without damping was derived
for a system whose modes are both linearly and quadratically coupled and used to illustrate
quantum beats due to the quadratic coupling which produces a mode frequency change upon
electronic excitation. The intensities of such beats are strongly dependent on temperature
and. therefore, can be distinguished from beats due to linearly coupled modes. Inclusion of
damping for the phonons should be possible but would result in a 4-point correlation function
of very considerable complexity. Currently, we are attempting to solve this problem for a
system whose modes are either linearly or quadratically coupled. A solution for the linear

response function is given in ref. 22.
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APPENDIX A

Here we outline the derivation of F(t,75,73,T4) in the Condon approximation is
outlined. The 4-point correlation function is given by

IH R GH (Ty-ty /0 H(T3=T2) R il (ty=tq)/h —iH Ty /R
F(rl,rg,t3,t4)=<e KT g (Tammi/h Tkt g/t N

(A1)

Following ref. 22, where coherent states for the phonon field rather than number states were
used to evaluate the 2-point correlation function, we use the following closure relation for

coherent states to evaluate Eq. (Al):

=1, (A2)

a4j—

ey
2

(18]

w

[

LR

~

where d2z = d(Re z)d Im(z). Applying Eq. (A2) to Eq. (A1) yields,

o)
l d°z o (-
F(t,T2,13,Ty) == | 7 (zfe” ¥ efelramm)ih

On Lo(z]2)
X eng(Tj—Tl)/n eiHe(f4—t3)/fI e'i'Hgf.;/ﬂ e‘BI‘[g[z)’ (A3)
where Q = Tr(e~[3 Hy ). Evaluation of the integral in Eq. (A3) leads to (2 =0)
exp(—Brn"/2 1 _ -
F(T|T2,13,T4) = —p(—%_—_)' exp[;’i(m"-(!)')('tlz +T34) X bl ! exp(bl lb:)_ +b3 )],
1% 2 (A4)

where t;; = 7; — 7jand
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_ [0'(Ty) =T34 )=Pha"+io"t) i0"(Ty—T
by =1~ 34 )-Bho"+int) Hiw"(Ty-Ty)

(A5)
by = Sﬁ' o B [_e—ia)"t4 + 0Ty _ 0Ty (T~ Ty)
- €
+ eia)'(tz,+r43)+im"(r32—t4)] [_ PO T 0Ty T
©' Ty i "( Ty =T j0'( Ty =T34 J+i0" (T2 +1
— @O T (T2 =T3) o i0'(Tay =Ty I+ (T 3)],
(A6)
and
b3 = Sej]' [_2 +eim'r2, +eim'r43 +eim"t3z _eim'r3,+i(n"t32 _eim"r43+im"r32 ]
(A7

where the effective Huang-Rhys factor S is given by Eq. (18).
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FIGURE CAPTIONS

Figure 1.

Figure 2.

Figure 3.

Figure 4.

Figure 5.

Figure 6.

Impulsive stimulated photon echo signal for a system with very large
inhomogeneous broadening and a mode that exhibits both linear and quadratic
coupling. It was calculated using Eqgs. (A4), (8) and (10) with ©" =200 cm~!, o’
=150cm-!,$S=2.0,y=0and T =300 K.

Frequency domain slice obtained from Fig. 1 by taking the Fourier transform of
Eq. (10) (Eq. (27)) with t = | fs and uniform damping corresponding to
frequency domain widths of 3 cm~!.

Impulsive photon echo (IPE) signals calculated with Eq. (25) for a model system
(0;=30 cm-l, ¥ =20 em~!, 7 =2.5em™!, w=64 cm~! and T = 0 K) for

S =0.01 (top), 0.10 (middle) and 0.50 (bottom). PSB denotes phonon sideband
(see text for discussion). For comparison, the corresponding single-site
absorption spectra calculated according to Eq. (24) are shown in the right panel.

Continuation of Fig. 3 with S = 1.7. The 3-D graph is the IPE signal as a
function of t and T’ calculated with Eq. (26), see text for discussion. The time-
integrated signal calculated with Eq. (25) is shown in the lower frame. Inset B,
with the PSB cutoff, shows the phonon quantum beats and the slow decay due to
the ZPL. The single site absorption spectrum calculated with Eq. (24) is given in
inset A.

Impulsive photon echo (IPE) signals as a function of temperature calculated with
Eq. (26) for a model system (@; =25 cm=!, $ =0.30, 7; = 10 cm~!, w = 64 cm~!

and y¢ (cm~1) =8 ’ﬁ(m;) where m:] =50 cm~!. The top, middle and bottom
graphs are for 15, 25 and 100 K, respectively.

Impulsive photon echo signals calculated as Fig. 4 at T =0 K for the special pair
absorption band of the bacterial reaction center characterized by two linearly
coupled modes (0 =30 cm!, yp =20 cm~1, Sy = 1.7; 0gp = 120 cm~L, y

sp =25 cm~!, Sg; = 1.5; and w = 64 cm~!, y¢; = 2.5 em™!). The 3-D graph shows
the fast decay due to the PSB (a), phonon quantum beats b-e and the slow decay
due to the ZPL. For comparison the time-integrated signals are shown in the
lower frame.
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CHAPTERSS. CONCLUDING REMARKS

For only linear electon-phonon coupling, our proposed g(t;T) provides the most
physical description of spectroscopic signals for chromophores in condensed phases
compared with those developed by Osad'ko or Mukamel via the MBO model. Our g(t;T)
correctly describes pure electronic dephasing and vibrational damping, and assigns each
vibrational mode in a multi-mode system a different damping constant. Furthermore, it
provides folding of the vibrational progression members of the absorption profile, which is
often a desired result. On the other hand, g(t;T) obtained via the MBO model , although it
assigns each vibrational mode a different damping constant and provides folding of the
progression members, handles the pure electronic dephasing incorrectly. In addition, it
provides unphysical description of the phononic transitions because they build on the
electronic transiton. The g(t;T) developed by Osad'ko, although it does not have any
damping constants (electronic or vibrational), is set up such that pure electronic dephasing
and damping of the phonons can easily be taken into account. Thus, this g(t;T) handles
homogeneous widths of the electronic and vibrational transitions correctly, but it does not
take folding of the progression members into account. Furthermore, it is not apparent. in the
time-domain, how this g(t;T) can assign different damping constants for a multi-mode
system. This problem is taken care of in the frequency-domain expression. As pointed out in
Chapter 2, g(t;T) is the essential component for calculating linear and non-linear temporal or
spectral profiles, i.e, g(t;T) is the only mathematical quantity needed for calculating
spectroscopic signals, in the linear coupling approximation. Therefore, combining our g(t;T)
with Mukamel's formalism of optical linear and non-linear response functions yields
spectroscopic signals that can account for structural and dynamical information (e.g., pure

electronic dephasing, quantum beats and spectral diffusion) about the system.
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The theory developed in this dissertation can easily be extended to take into account
non-Condon (Hertzberg-Teller coupling), Duschinsky, and anharmonicity (e.g., using the
Morse potential for the vibrational Hamiltonian in the excited state) effects, in addition to
linear and quadratic coupling, to see how the associated spectroscopic features might change
accordingly. The damping can be quantized, as was done in the linear and quadratic
coupling cases, for the phonons in our J(t;T) in Eq. (12) of Chapter 3. This will break J(t;T)
into a product of two response functions; one is phononic that handles the vibrational
relaxation and the other is electronic that describes the pure electronic dephasing. As a result,
the phonons can be assigned different damping constants in a multi-mode system. Spectral
density (phonon density of states, p(®)) is a very important quantity in solvation dynamics
and spectroscopy. One can obtain a physical p(w) from g(t;T) using Mukamel's formalism.

Although an analytical expression was obtained for a two finite-pulse photon echo
(PE) with finite inhomogeneous broadening (assuming static nuclei), it was not possible to
numerically evaluate the triple-integral at T = 0 K using Mathematica 3.0 on a 200 MHz
Pentium Pro computer due to the extreme complexity of the integrand. The presence of the
double-integral (the polarization) modulus squared to be integrated over t complicates and
slows down the integration process. Therefore, only a numerical evaluation of the double-
integral (Whose modulus squared generates a PE as a function of t and t') over t; and t; was
attempted. A stack overflow, caused by a build up of numerical uncertainties, occurred after
one day. (If numerical uncertainties are not eliminated, they could lead to incorrect results.)
A further simplification step was taken by only considering the zero-phonon line and one-
phonon profile in the time-domain. This simplification certainly reduced the numerical
uncertainties but did not completely resolve the problem. An alternative was to try a
different numerical technique such as Monte Carlo. The Monte Carlo method was certainly
able to eliminate the integration numerical uncertainties. However, it slowed the evaluation

process considerably. It turned out that this evaluation was beyond the capacity of computer
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resources. Mathematica 3.0 was able to symbolically evaluate the integral over t; and left the
integration over t; unevaluated (remember that was only for the zero-phonon line and one
phonon profile). The result was roughly 20 pages of Error, Hypergeometric, hyperbolic, and
transcendental functions as a function of t;. However, the computer could not handle this

particular symbolic integration when Mathematica 2.2 was used.
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APPENDIX A: SPECTRAL ANALYSIS OF THE MULTI-MODE BROWNIAN
OSCILLATOR (MBO) MODEL

Here we spectrally analyze the MBO model. We will point out and demonstrate the
MBO model deficiencies in handling the pure electronic dephasing associated with the
phononless transition, the zero-phonon line (ZPL), by studying its resulting single-site
absorption spectra, which can be obtained by Fourier transforming the MBO 2-point
correlation function, J,,, (¢). The MBO model has been used in different areas of optical
spectroscopy [1-15], solvation dynamics [1, 8, 16-18], and energy transfer [1, 19, 20]. The
optical dynamics are attributed entirely to the damping of Frank-Condon (FC) active modes
which are often intermolecular. It has most often been used in photon echo techniques [1-18]
to account for quantum beats, as well as homogeneous dephasing, inhomogeneous dephasing,
and spectral diffusion. In this model the linearly coupled modes are the primary Brownian
oscillators (BOs). The BOs and the bath oscillators are assumed to be harmonic with the
coupling between the former and latter taken to be linear in the BO displacement which
results from excitation of the BO via the electronic transition. The coupling gives rise to an
effective damping, y;, for each BO j (frequency ;). A key quantity which enters into the
MBO expressions for the linear and nonlinear response functions is the line broadening
function, g(t;T), which depends on the linear couplings ([{uang-Rhys factors), frequencies
and damping constants of the BOs. The Fourier transform of the linear correlation function,
exp(~g(t;T)), yields the linear absorption spectrum.

The concept of Brownian oscillators to describe the nuclear motion effects on
solvation dynamics was originally developed by Adeiman and co-workers [21-23] and Hynes
and co-workers [24-26]. (The name "Brownian" stems from the fact that the nuclear

coordinates coupled to a bath experience a Brownian motion which is governed by the
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Langevin equation [27-35]). Mukamel and co-workers [1] generalized these treatments and
developed the MBO model for linear and non-linear response functions.

The MBO model has most often been used in the interpretation of photon echo data in
liquids at room temperature. However, only the overdamped (7, >> @,) MBO in the high
temperature limit has been employed in those experiments (photon echoes), which greatly
simplities the linear and non-linear calculations. We are not aware of any linear absorption
homogeneous lineshapes (single-site absorption spectra) that have been generated before via
the MBO model at finite temperature or in the low temperature limit.

Unfortunately, we found that g(t;T) (Egs. (8.67) of Ref. [1]) for the MBO modei at
finite temperature is very complicated and does not easily lend itself to use. Therefore, we

will only discuss the MBO model in the low temperature limit (T = 0 K).
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A.l The MBO Model at Zero Temperature

The linear 2-point correlation function is given by (€2 = 0)

Jymo (1) = exp[-g(1)], (A.1)

with g(t) given by [1]

N
g(r) =Z g;(t)
Jj=1

(A.2)
1
g;(t)= u;f J‘ dr, I dt, C}(tz)-i-i uj'f I dt; J' dt, C}(’Cz).
0 0 0 0 (A.3)
[n the low temperature limit,
Cj(n) = ,Q 57 EXp(= j1el/2) cos (G 1),
J (A4)
Cit)=- i_, exp(~y ;|¢/2) sin(g 1),
J (A.5)
and
in
m N
J
u, = -5d;,
J hl/- 7 (A.6)
(02 —(v./2)21?
§j [m_[ (YJ /"') ] . (A.7)

Using Egs. (A.3) —(A.6), g(t) reads
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wd* ! i
()= 2 [de, | de,expl-7, 5,/ 2~ i{ . 1,]
5,0="5; ! 'a[ pl-7, j (A.8)
=S,,t 124, + V[l —exp(-y t 12-ig )],
where
Y,=S, (0 -7; 12+iy,8) S, (A9)

where Sj = dj2/2 is the Huang-Rhys factor with d; being the dimensionless linear
displacement and v; is the damping constant (fwhm) of BO j. (Note that we have omitted the

reorganizational term energy (iS.@ ) in Eq. (A.8) since J,,,, () does not contain Q, because
g Y 0,0, q MHO v

they both cancel in the end (see Eq. (1.51c)). With Egs. (A.1) and (A.2) J,,, (¢) reads
oo () =exp{=S,@,;t 12¢, - Y[l —exp(-y t 2= i )]} (A.10)

Upon power series expansion of Eq. (A.10), one obtains

m

@« Y
J o () =exp(=Y,)Y Lexp[~(S,@,126, + my 1)1 = im 1) (A.11)

m=0 .

The linear absorption spectrum is given by

o) =Re }r J’ dt J, ,, (¢)exp(ior). (A.12)
0

Using Eqs. (A.11) and (A.12) for mode j yields
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R @ Ym 1
()= — - e e . A.l3
G:(w) {CXP( )§) m! |:(Sa) /')é'j +m}’j/2)—i(&)—m§}):ﬂ ( )
It should be more informative to rewrite the lorentzian in Eq. (A.13) in this form

a(w)—w{e*(p( Y)Z )ﬁ{—(s (—‘3—{74 +my,i2) - (o= m{):|} (A.14)

m=0 m! (0) mg) +( ]/74' +m71/7)

Since we are in the low temperature limit, the quantum number of the initial state for the
absorption transition is zero. m is the final state quantum number. Equation (A.14) shows,

in part, that the MBO model yields a ZPL (m = 0) width of

MBO _
vas =974 (A.L3)

which depends on the phonon damping y; and the Huang-Rhys factor S; (for the
underdamped case §; = w;). Equation (A.15)is an unphysical result. In addition, the widths
of the multi-phonon bands (m 2 1)

(fwhm), = yil'C +my, (A.16)

el j
contain y,"° . Note, however, that the second term gives folding of the widths of the multi-
phonon transitions which will often be the desired result. The resonances in Eq. (27) are
determined by ® =m g;.
[n addition to the unphysical ZPL width that MBO (Eq. (A.15)) yields, there is a

fundamental problem with the ZPL resulting FC factor. The MBO produces negative ZPL

FC factor: That Y; is a complex quantity presents a complication because there is another
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complex quantity in the numerator of Eq. (A. 14), i(w-m{,), which gives rise to an
interference effect. This causes the ZPL to go negative. Figure A.1 is a single-site
absorption spectrum calculated according to Eq. (A.13) with ®;=350 cm-, S = L7, and v;
=30 cm~!. The ZPL cannot be seen because according to Eq. (A. 14) its width is 53 cm-!
which is too broad to be seen. But if we plot the ZPL by itself, we can see its unphysical
width and its negative intensity, as shown in Figure A.2. We can examine ZPL closer by
taking the values of the absorption profile at couple of points; for example,
o,(w=200)=0.00073 and o,(w=-200)=~0.0014. It might be argued that taking points is
not an ultimatum in judging the ZPL behavior. It definitely form a problem if someone tries
to do fitting, because fitting data is nothing but points.

We can fix the homogeneous ZPL width problem by removing the MBO width,

VIBO

Ve, -and replace it with the correct width y,,, then Eq. (A.14) becomes

. I.,jm I: (7;1/2+m71/2) —l(?)—m;/)}} (A 17)

Re
(@)= —dexp(-Y. i faf i i
7;(@) T {e‘(p( ’)Z ml| (@=m;) +(y 2+ my 2)

m=Q

Plotting Eq. (A.17) using the same parameters with y,,=4 cm! yields Figure A.3, in which
the ZPL, clearly, has negative intensity. Furthermore, Figure A.3 shows that the absorption
intensity goes slightly negative at ~ 300 cm-!. This can be attributed to the interference

effect, vide supra.
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Figure A.1 Single-site absorption spectrum calculated according to Eq. (A.13) with ;
=50 cm-l, Sj=1.7,andy; =30 cm-! at T=0K. The homogeneous width of the

ZPL is 53 cm-! which is too broad to be seen.
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Figure A.2 The zero-phonon line calculated as in Figure A.1, the intensity goes negative due

to the interference effect, see text.
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Figure A.3 Single-site absorption spectrum calculated according to Eq. (A.13) with o;
=50 cml, §j=1.7,y; =30 cm’l, and y,=4 cm-! at T=0K. The ZPL intensity
becomes very negative, and the PSB goes slightly negative at ~ 300 cm-! due to

the interference effect, see text for further details.
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APPENDIX B: A MATHEMATICAL PROOF OF THE EQUIVALENCE OF EQ. (27)
OF CHAPTER 3 TO EQ. (17) OF HAYES ET AL. [1]
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Hays et al. [1] start with the thermally averaged Franck-Condon (FC) factors

expressed in terms of modified Besse! function, /,,, as

m?

FC=exp[-S,(27 +1)] i (ﬁ—;l) -I",[2Sj,/ﬁ(ﬁ+ I)]exp(=ima 1), (B.1)

me=n

where 7 is the phonon thermal occupation number and S, is the Huang Rhys-factor. For

convenience x = fhw, is defined, then one has

e.\’
_ e.l' _[ - )\'
. _J( )=
= e[mm
(B.2)
[t follows that
n+l " mfha, /2 -
—'T- =e . (B.))

Next, it is shown that the argument of modified Bessel function, /,,, can be written as

m?3

2Sj,/ﬁ(ﬁ+ [) =Scsch(x/2) (B4)
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With the help of the following identity,
esch(x/2) = yJcoth?(x/2) -1, (B.5)

and that 277 + 1 = coth(x/2), it follows that

S csch(x/2) =\/:c->thz—(x/—’.2_)_——l
=S,J(2A+1)* -1
=S V4A® +4m +1-1 (B.6)
=28, JA(A+1).

Combining Eqs. (B.2) and (B.6), Eq. (B.1) reads

FC=exp[-S;(2n +1)] iexp(m phe 12)1,[S csch(fha 12)]

m=-a (B7)
x exp(-iw t).
Using the mathematical definition of /,[S csch(fhw /2)],
=[S csch(fho 12)]"
I [S csch 2= L ; —, B.8
S eseh (e D)= ) e (B:8)
Eq. (B.7) can be written as
FC=exp[-S,2R+1)] ), ) exp(mpho,/2)
m=-w (=0 (B .9)

. [S,csch(Bha 12)]"*
0T (m+ £+ )2

exp(-iw;t).
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The above shows that Eq. (B.1) is equivalent to Eq. (B.9), and the both have identical
temperature dependencies. It is just a question of what lineshape form to replace the

resulting 8-function when the Fourier transform is performed.
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APPENDIX C: DERIVATION OF EQ. (29) FROM EQ. (27) OF CHAPTER 3
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Starting with Eq. (27),

o(w;T) =exp[-S,(2n +1)] i iexp(mﬂha)j/’l)
ma-x =0

m+2 (C 1)
5 [S esch(Bhaw /2)]" (Vg +(m+20y)2x

OT(m+0+1)2"Y (@-ma,) + (¥, +(m+20)y )2)

Since ¢ is only significant when T > 0, the sum over / is lost as T — 0 and, therefore, one
can set {=0. The negative values of the integer m can be dealt with if kept in mind that they
give rise to the hot bands, which do not exist as T — 0 and therefore one must have m 2 0.
Furthermore, the argument of Bessel functions imposes restriction thatm 20 as T — 0.

Consequently, Eq. (C.1) becomes

o(w;T) =exp[-S, (27 +1)]X_exp(my)

(C.2)

y [S,esch(y)]" (Yut+my)2rm
C(m+1)2" ((o—mwj)l +((y, + myj)/z)l

Using ['(m+1) =m! and csch(y) =2/(¢” —¢™), Eq. (C.2) can be rewritten as
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o(@;T) = expl-S, 27 + D3 exp(my)

m=0

5,2 - (7 +my J2x

mi2" (@-ma,) +((y,+my,)2)

n GMYMMY [(@¥ _ g YY"
= exp[-S, (27 + ] Y 21— (e ~e™)

m=0

y (Yo t+my)2m
(C‘)"'ma)j)2 +((7el +my,.)/2)2

mi2"

» m

S
=exp[-S,A+1)]Y ——L—
QLS 2T+ D)
(Yatmy)2m

(@=ma,) +((yy+my,)2)*

AsT—o0(y > ), (I/(1-e¥))" =1and 7=0, then Eq. (C.3) becomes

= SY (ry+my)2rm

o(w)=exp(-S,) .

m=o m! (w_mmj)l +((Vu +m},j)/2)l .

(C.3)

(C4)




n\ee%a\ %N/ﬁo\ @
0\;\%&“\%\ //ﬁ\\ /6\\\
N “
VY &
V4"
V4
z?
=3
MT
o
W
=
=0
T
A\

2.5

2.2

=
%
1.6

n
ster, NY 14609 USA
one: 716/482-0300

1.8
: 716/288-5989

I

f i

I
I

B
12
i I
.4

| )

m

m
150mm

1.0

1.25




	1998
	Temperature dependent linear and non-linear optical spectroscopy for condensed phase systems
	Mohamad Toutounji
	Recommended Citation


	 

